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[1] Lee and Glass. A Nonparametric Bayesian Approach to Acoustic Model Discovery. ACL 2012. 
[2] Lee. Discovering Linguistic Structures in Speech: Models and Applications. MIT Ph.D. Thesis 2014.
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[1] Srivastava, Mansimov, Salakhutdinov. Unsupervised learning of video representations using LSTMs. ICML 2015.  
[2] Ranzato, MarcAurelio, et al. Video (language) modeling: a baseline for generative models of natural videos. Preprint 2015. 
[3] Sutskever, Hinton, and Taylor. The Recurrent Temporal Restricted Boltzmann Machine. NIPS 2008.
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Figure 1. LSTM unit

output gate ot. The LSTM unit operates as follows. At
each time step it receives inputs from two external sources
at each of the four terminals (the three gates and the input).
The first source is the current frame xt. The second source
is the previous hidden states of all LSTM units in the same
layer ht�1. Additionally, each gate has an internal source,
the cell state ct�1 of its cell block. The links between a
cell and its own gates are called peephole connections. The
inputs coming from different sources get added up, along
with a bias. The gates are activated by passing their to-
tal input through the logistic function. The total input at
the input terminal is passed through the tanh non-linearity.
The resulting activation is multiplied by the activation of
the input gate. This is then added to the cell state after mul-
tiplying the cell state by the forget gate’s activation ft. The
final output from the LSTM unit ht is computed by multi-
plying the output gate’s activation ot with the updated cell
state passed through a tanh non-linearity. These updates
are summarized for a layer of LSTM units as follows

it = � (Wxixt +Whiht�1 +Wcict�1 + bi) ,

ft = � (Wxfxt +Whfht�1 +Wcfct�1 + bf ) ,

ct = ftct�1 + it tanh (Wxcxt +Whcht�1 + bc) ,

ot = � (Wxoxt +Whoht�1 +Wcoct + bo) ,

ht = ot tanh(ct).

Note that all Wc• matrices are diagonal, whereas the rest
are dense. The key advantage of using an LSTM unit over
a traditional neuron in an RNN is that the cell state in an
LSTM unit sums activities over time. Since derivatives dis-
tribute over sums, the error derivatives don’t vanish quickly
as they get sent back into time. This makes it easy to do
credit assignment over long sequences and discover long-
range features.

2.2. LSTM Autoencoder Model

In this section, we describe a model that uses Recurrent
Neural Nets (RNNs) made of LSTM units to do unsuper-
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Figure 2. LSTM Autoencoder Model

vised learning. The model consists of two RNNs – the en-
coder LSTM and the decoder LSTM as shown in Fig. 2.
The input to the model is a sequence of vectors (image
patches or features). The encoder LSTM reads in this se-
quence. After the last input has been read, the decoder
LSTM takes over and outputs a prediction for the target se-
quence. The target sequence is same as the input sequence,
but in reverse order. Reversing the target sequence makes
the optimization easier because the model can get off the
ground by looking at low range correlations. This is also
inspired by how lists are represented in LISP. The encoder
can be seen as creating a list by applying the cons func-
tion on the previously constructed list and the new input.
The decoder essentially unrolls this list, with the hidden to
output weights extracting the element at the top of the list
(car function) and the hidden to hidden weights extract-
ing the rest of the list (cdr function). Therefore, the first
element out is the last element in.

The decoder can be of two kinds – conditional or uncondi-
tioned. A conditional decoder receives the last generated
output frame as input, i.e., the dotted input in Fig. 2 is
present. An unconditioned decoder does not receive that
input. This is discussed in more detail in Sec. 2.4. Fig. 2
shows a single layer LSTM Autoencoder. The architecture
can be extend to multiple layers by stacking LSTMs on top
of each other.

Why should this learn good features?

The state of the encoder LSTM after the last input has been
read is the representation of the input video. The decoder
LSTM is being asked to reconstruct back the input se-
quence from this representation. In order to do so, the rep-
resentation must retain information about the appearance
of the objects and the background as well as the motion
contained in the video. However, an important question for
any autoencoder-style model is what prevents it from learn-
ing an identity mapping and effectively copying the input
to the output. In that case all the information about the in-
put would still be present but the representation will be no
better than the input. There are two factors that control this
behaviour. First, the fact that there are only a fixed num-
ber of hidden units makes it unlikely that the model can

Unsupervised Learning with LSTMs

Figure 1. LSTM unit

output gate ot. The LSTM unit operates as follows. At
each time step it receives inputs from two external sources
at each of the four terminals (the three gates and the input).
The first source is the current frame xt. The second source
is the previous hidden states of all LSTM units in the same
layer ht�1. Additionally, each gate has an internal source,
the cell state ct�1 of its cell block. The links between a
cell and its own gates are called peephole connections. The
inputs coming from different sources get added up, along
with a bias. The gates are activated by passing their to-
tal input through the logistic function. The total input at
the input terminal is passed through the tanh non-linearity.
The resulting activation is multiplied by the activation of
the input gate. This is then added to the cell state after mul-
tiplying the cell state by the forget gate’s activation ft. The
final output from the LSTM unit ht is computed by multi-
plying the output gate’s activation ot with the updated cell
state passed through a tanh non-linearity. These updates
are summarized for a layer of LSTM units as follows

it = � (Wxixt +Whiht�1 +Wcict�1 + bi) ,

ft = � (Wxfxt +Whfht�1 +Wcfct�1 + bf ) ,

ct = ftct�1 + it tanh (Wxcxt +Whcht�1 + bc) ,

ot = � (Wxoxt +Whoht�1 +Wcoct + bo) ,

ht = ot tanh(ct).

Note that all Wc• matrices are diagonal, whereas the rest
are dense. The key advantage of using an LSTM unit over
a traditional neuron in an RNN is that the cell state in an
LSTM unit sums activities over time. Since derivatives dis-
tribute over sums, the error derivatives don’t vanish quickly
as they get sent back into time. This makes it easy to do
credit assignment over long sequences and discover long-
range features.

2.2. LSTM Autoencoder Model

In this section, we describe a model that uses Recurrent
Neural Nets (RNNs) made of LSTM units to do unsuper-

v1 v2 v3 v3 v2v3 v2

v̂3 v̂2 v̂1Learned
Representation

W1 W1 copy W2 W2

Figure 2. LSTM Autoencoder Model

vised learning. The model consists of two RNNs – the en-
coder LSTM and the decoder LSTM as shown in Fig. 2.
The input to the model is a sequence of vectors (image
patches or features). The encoder LSTM reads in this se-
quence. After the last input has been read, the decoder
LSTM takes over and outputs a prediction for the target se-
quence. The target sequence is same as the input sequence,
but in reverse order. Reversing the target sequence makes
the optimization easier because the model can get off the
ground by looking at low range correlations. This is also
inspired by how lists are represented in LISP. The encoder
can be seen as creating a list by applying the cons func-
tion on the previously constructed list and the new input.
The decoder essentially unrolls this list, with the hidden to
output weights extracting the element at the top of the list
(car function) and the hidden to hidden weights extract-
ing the rest of the list (cdr function). Therefore, the first
element out is the last element in.

The decoder can be of two kinds – conditional or uncondi-
tioned. A conditional decoder receives the last generated
output frame as input, i.e., the dotted input in Fig. 2 is
present. An unconditioned decoder does not receive that
input. This is discussed in more detail in Sec. 2.4. Fig. 2
shows a single layer LSTM Autoencoder. The architecture
can be extend to multiple layers by stacking LSTMs on top
of each other.

Why should this learn good features?

The state of the encoder LSTM after the last input has been
read is the representation of the input video. The decoder
LSTM is being asked to reconstruct back the input se-
quence from this representation. In order to do so, the rep-
resentation must retain information about the appearance
of the objects and the background as well as the motion
contained in the video. However, an important question for
any autoencoder-style model is what prevents it from learn-
ing an identity mapping and effectively copying the input
to the output. In that case all the information about the in-
put would still be present but the representation will be no
better than the input. There are two factors that control this
behaviour. First, the fact that there are only a fixed num-
ber of hidden units makes it unlikely that the model can

[1,2,3]



[1] Srivastava, Mansimov, Salakhutdinov. Unsupervised learning of video representations using LSTMs. ICML 2015.  
[2] Ranzato, MarcAurelio, et al. Video (language) modeling: a baseline for generative models of natural videos. Preprint 2015. 
[3] Sutskever, Hinton, and Taylor. The Recurrent Temporal Restricted Boltzmann Machine. NIPS 2008.

Recurrent neural networks?Unsupervised Learning with LSTMs

Figure 1. LSTM unit

output gate ot. The LSTM unit operates as follows. At
each time step it receives inputs from two external sources
at each of the four terminals (the three gates and the input).
The first source is the current frame xt. The second source
is the previous hidden states of all LSTM units in the same
layer ht�1. Additionally, each gate has an internal source,
the cell state ct�1 of its cell block. The links between a
cell and its own gates are called peephole connections. The
inputs coming from different sources get added up, along
with a bias. The gates are activated by passing their to-
tal input through the logistic function. The total input at
the input terminal is passed through the tanh non-linearity.
The resulting activation is multiplied by the activation of
the input gate. This is then added to the cell state after mul-
tiplying the cell state by the forget gate’s activation ft. The
final output from the LSTM unit ht is computed by multi-
plying the output gate’s activation ot with the updated cell
state passed through a tanh non-linearity. These updates
are summarized for a layer of LSTM units as follows

it = � (Wxixt +Whiht�1 +Wcict�1 + bi) ,

ft = � (Wxfxt +Whfht�1 +Wcfct�1 + bf ) ,

ct = ftct�1 + it tanh (Wxcxt +Whcht�1 + bc) ,

ot = � (Wxoxt +Whoht�1 +Wcoct + bo) ,

ht = ot tanh(ct).

Note that all Wc• matrices are diagonal, whereas the rest
are dense. The key advantage of using an LSTM unit over
a traditional neuron in an RNN is that the cell state in an
LSTM unit sums activities over time. Since derivatives dis-
tribute over sums, the error derivatives don’t vanish quickly
as they get sent back into time. This makes it easy to do
credit assignment over long sequences and discover long-
range features.

2.2. LSTM Autoencoder Model

In this section, we describe a model that uses Recurrent
Neural Nets (RNNs) made of LSTM units to do unsuper-

v1 v2 v3 v3 v2v3 v2

v̂3 v̂2 v̂1Learned
Representation

W1 W1 copy W2 W2

Figure 2. LSTM Autoencoder Model

vised learning. The model consists of two RNNs – the en-
coder LSTM and the decoder LSTM as shown in Fig. 2.
The input to the model is a sequence of vectors (image
patches or features). The encoder LSTM reads in this se-
quence. After the last input has been read, the decoder
LSTM takes over and outputs a prediction for the target se-
quence. The target sequence is same as the input sequence,
but in reverse order. Reversing the target sequence makes
the optimization easier because the model can get off the
ground by looking at low range correlations. This is also
inspired by how lists are represented in LISP. The encoder
can be seen as creating a list by applying the cons func-
tion on the previously constructed list and the new input.
The decoder essentially unrolls this list, with the hidden to
output weights extracting the element at the top of the list
(car function) and the hidden to hidden weights extract-
ing the rest of the list (cdr function). Therefore, the first
element out is the last element in.
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output frame as input, i.e., the dotted input in Fig. 2 is
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[4] Fox, Sudderth, Jordan, Willsky. Bayesian nonparametric inference of switching dynamic linear models. IEEE TSP 2011. 
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1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Algebraic structure in density



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

G = (V,E)
<latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit>

V = {1, 2, . . . , n}
<latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit>

E ✓ { {u, v} : u, v 2 V }
<latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit><latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit><latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit><latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

1
<latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit><latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit><latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit><latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit>

2
<latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit><latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit><latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit><latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit>

3
<latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit><latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit><latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit><latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit>

V = {1, 2, 3}
<latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit><latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit><latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit><latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit>

E = { {1, 2}, {2, 3} }
<latexit sha1_base64="At5qZ4akNMU5WZHbZJvsHFzWvX0="></latexit><latexit sha1_base64="At5qZ4akNMU5WZHbZJvsHFzWvX0="></latexit><latexit sha1_base64="At5qZ4akNMU5WZHbZJvsHFzWvX0="></latexit><latexit sha1_base64="At5qZ4akNMU5WZHbZJvsHFzWvX0="></latexit>

G = (V,E)
<latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit>

V = {1, 2, . . . , n}
<latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit>

E ✓ { {u, v} : u, v 2 V }
<latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit><latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit><latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit><latexit sha1_base64="5COJDvPjzRYqeKVDXsVZYLfpEuU="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

disconnects means no path from A to B after removing C.
<latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>1

<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit> =)

<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

disconnects means no path from A to B after removing C.
<latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>1

<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit> =)

<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

4
<latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit><latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit><latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit><latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit>

X1 ?? X3 |X2, X4
<latexit sha1_base64="KU5RQFxfJnnBNZ4uZp4Aq4WjNE0="></latexit><latexit sha1_base64="KU5RQFxfJnnBNZ4uZp4Aq4WjNE0="></latexit><latexit sha1_base64="KU5RQFxfJnnBNZ4uZp4Aq4WjNE0="></latexit><latexit sha1_base64="KU5RQFxfJnnBNZ4uZp4Aq4WjNE0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

disconnects means no path from A to B after removing C.
<latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>1

<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit> =)

<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

4
<latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit><latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit><latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit><latexit sha1_base64="LD+xttwkMIJr1N44uZgwxcQ2x5Y="></latexit>

⇠⇠⇠XXX=)
<latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit><latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit><latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit><latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>

disconnects means no path from A to B after removing C.
<latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit><latexit sha1_base64="41yCX/BpMrMqN0exd1IWbS14b/0=">AAAF3nicdVRNb9NAEHWhgRK+WjhyWZEgIVRFTiglFUJqmyqqBBVF6pdUp2W9mTim+2Gt14XI+MoNceVXced/cAUx66RJ4xRLVmbnvRm/fbNZP+JhbFz319y16/OlGzcXbpVv37l77/7i0oODWCWawT5TXOkjn8bAQwn7JjQcjiINVPgcDv2zlsUPz0HHoZJ7ZhBBR9BAhr2QUYOp08W+J1UouyBN2UvwV9tGaTeMmZISmIkzIo </latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>

1
<latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit>

2
<latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit>

3
<latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

p(x) /  12(x1, x2) 23(x2, x3)
<latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>

4
<latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit><latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit><latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit><latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit>

1
<latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit>

2
<latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit>

3
<latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit>

1
<latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit>

2
<latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit>

3
<latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

p(x) /  12(x1, x2) 23(x2, x3)
<latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>

4
<latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit><latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit><latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit><latexit sha1_base64="KgC7mWMVMWNC1YU0WM6dctTELbg="></latexit>

1
<latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit>

2
<latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit>

3
<latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit>

1
<latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit><latexit sha1_base64="TYtb/WPu/j5jcTWlhmija86GHWg="></latexit>

2
<latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit><latexit sha1_base64="B7guJZ4pebB//xmDFnRiNqyrBss="></latexit>

3
<latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit><latexit sha1_base64="ef+QjVZ083MagpmPw8EPLw836Co="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

p(x) /  12(x1, x2) 23(x2, x3)
<latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit><latexit sha1_base64="l3CPh6Gjhz+w4//cdENRHZQG0do="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

p(x) /  123(x1, x2, x3) 134(x1, x3, x4)
<latexit sha1_base64="PZwfzXJPRx45QRpOqdKjjkHg9A4="></latexit><latexit sha1_base64="PZwfzXJPRx45QRpOqdKjjkHg9A4="></latexit><latexit sha1_base64="PZwfzXJPRx45QRpOqdKjjkHg9A4="></latexit><latexit sha1_base64="PZwfzXJPRx45QRpOqdKjjkHg9A4="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>

Markov on G ⇠⇠⇠XXX() factorizes on G
<latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit><latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit><latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit><latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C disconnects A from B we have XA ?? XB |XC .

<latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit><latexit sha1_base64="NrM5SqdHSsNdqzYL71t6KQ4b4K0="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) /
Q

C  C(xC) where
the product is over cliques of G.

<latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit><latexit sha1_base64="DMUyVwMSMhkFU4z5pABM2wNKlQU="></latexit>

Markov on G ⇠⇠⇠XXX() factorizes on G
<latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit><latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit><latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit><latexit sha1_base64="QiIJxQHuoF4V6QHOqQodGQiBAtY="></latexit>

... but they are the same if p(x) > 0.
<latexit sha1_base64="ylXyeVTJjVnZyU1O7sBut9TvSg8="></latexit><latexit sha1_base64="ylXyeVTJjVnZyU1O7sBut9TvSg8="></latexit><latexit sha1_base64="ylXyeVTJjVnZyU1O7sBut9TvSg8="></latexit><latexit sha1_base64="ylXyeVTJjVnZyU1O7sBut9TvSg8="></latexit>



A good way to ensure p(x) > 0 is to have p(x) = exp(�E(x)).
<latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit><latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit><latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit><latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit><latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit><latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit><latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit>

E(x) = logZ +
X

C

�C(xC)
<latexit sha1_base64="jL/QG9VY9yBLjR39X+PhEshdYLU="></latexit><latexit sha1_base64="jL/QG9VY9yBLjR39X+PhEshdYLU="></latexit><latexit sha1_base64="jL/QG9VY9yBLjR39X+PhEshdYLU="></latexit><latexit sha1_base64="jL/QG9VY9yBLjR39X+PhEshdYLU="></latexit>



A good way to ensure p(x) > 0 is to have p(x) = exp(�E(x)).
<latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit><latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit><latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit><latexit sha1_base64="0K4k2lsx4Q5hn+Vg1VFHeaeRgVs=">AAADy3icbVJbb9MwFPZWLmPcNnjkxaJF2qRRJWWM7mGoY1DtgUlD2k1aqsl1TlNrjm3Zztbi5ZG/wq/hFST+DU7a3TIsJfrOd75z1ekrzowNgr8zs7V79x88nHs0//jJ02fPFxZfHBiZaQr7VHKpj/rEAGcC9i2zHI6UBpL2ORz2T7cK/+EZaMOk2LNjBb2UJIINGCXWUycLnU2cSBnjczLGVmIQJtOAG2pptIw/4qCBmSn4IT </latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit><latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit><latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit><latexit sha1_base64="8/s64ZUWNWJO5h8R4aKmi/4DUUs="></latexit>

E(x; ⌘) = logZ +
X

C

⌘C · �C(xC)
<latexit sha1_base64="zDB0x5OtDJX5Kj9D8Cwxk39umK8="></latexit><latexit sha1_base64="zDB0x5OtDJX5Kj9D8Cwxk39umK8="></latexit><latexit sha1_base64="zDB0x5OtDJX5Kj9D8Cwxk39umK8="></latexit><latexit sha1_base64="zDB0x5OtDJX5Kj9D8Cwxk39umK8="></latexit>



Graphs

Independence of RVs

X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

Algebraic structure in density

p(x) =
Y

v2V

p(xv |xpa(v))
<latexit sha1_base64="6Q4cq4WIFUmI6N8hsXOi+y9GqKA="></latexit><latexit sha1_base64="6Q4cq4WIFUmI6N8hsXOi+y9GqKA="></latexit><latexit sha1_base64="6Q4cq4WIFUmI6N8hsXOi+y9GqKA="></latexit><latexit sha1_base64="6Q4cq4WIFUmI6N8hsXOi+y9GqKA="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

G = (V,E)
<latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit>

V = {1, 2, . . . , n}
<latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit>

E ✓ V ⇥ V
<latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit><latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit><latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit><latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

V = {1, 2, 3}
<latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit><latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit><latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit><latexit sha1_base64="XjiBHAnvzGe5VEDSzGyif2PfiKI="></latexit>

1
<latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit><latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit><latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit><latexit sha1_base64="mxLGN0i/fmb8PyZlgx4pbY355Ak="></latexit>

2
<latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit><latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit><latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit><latexit sha1_base64="ko63qmF1c2cHry91KGc6ofjPMaU="></latexit>

3
<latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit><latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit><latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit><latexit sha1_base64="52Fvr7zI4ICgiMPauUR3uUhi890="></latexit>

E = { (2, 1), (2, 3) }
<latexit sha1_base64="HqjZStJpBH8kd1TVd0JVBRwM6gc="></latexit><latexit sha1_base64="HqjZStJpBH8kd1TVd0JVBRwM6gc="></latexit><latexit sha1_base64="HqjZStJpBH8kd1TVd0JVBRwM6gc="></latexit><latexit sha1_base64="HqjZStJpBH8kd1TVd0JVBRwM6gc="></latexit>

G = (V,E)
<latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit><latexit sha1_base64="i9HOaSOirVj86HcIvDa9xEVIUFw="></latexit>

V = {1, 2, . . . , n}
<latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit><latexit sha1_base64="TjFm5S01adRNe4M+I0NDtBlj3JY="></latexit>

E ✓ V ⇥ V
<latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit><latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit><latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit><latexit sha1_base64="q1bE43A5u+7T2mVBWHVU2pTRXts="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>

blocked
<latexit sha1_base64="DdHSMpaP1KYb7evK4NguUDlRVis="></latexit><latexit sha1_base64="DdHSMpaP1KYb7evK4NguUDlRVis="></latexit><latexit sha1_base64="DdHSMpaP1KYb7evK4NguUDlRVis="></latexit><latexit sha1_base64="DdHSMpaP1KYb7evK4NguUDlRVis="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3
<latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit><latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit><latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit><latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V is Markov on G i↵ for disjoint A,B,C ✓ V
when C d-separates A from B we have XA ?? XB |XC .

<latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit><latexit sha1_base64="j0VqAxMLIf4nBGQAMRZwP71cois="></latexit>

d-separates means no unblocked undirected path from A to B.
<latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="yt6GHMymIOCCmccLCEN31t+D9K4="></latexit><latexit sha1_base64="bsVqpDTd8CV2JsbfZQzIoHFrqqg="></latexit><latexit sha1_base64="LLbnMqiQPHzAVgouhdfJSGLbjE4="></latexit><latexit sha1_base64="2K2wqWOmWQOBRcRqyyelSUA6dN4="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit><latexit sha1_base64="oz6+cTjN2Qi6N3wHY7xVusBXFA0="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

X1 ?? X3
<latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit><latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit><latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit><latexit sha1_base64="MiDahJlC3MlxVmCWPwyDqI/H6g0="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>

⇠⇠⇠XXX=)
<latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit><latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit><latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit><latexit sha1_base64="Et9bG0sOd1N/T+dVKfPQmHhjTxU="></latexit>

X1 ?? X3 |X2
<latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit><latexit sha1_base64="TxT4BkoxJuBgvIgAROD8bP7uljQ="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) =
Q

v2V p(xv |xpa(v)).
<latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) =
Q

v2V p(xv |xpa(v)).
<latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>

2
<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit> p(x) = p(x2)p(x1 |x2)p(x3 |x2)

<latexit sha1_base64="c3rR2RWuXcCMUCA2oVR8CZy/suc="></latexit><latexit sha1_base64="c3rR2RWuXcCMUCA2oVR8CZy/suc="></latexit><latexit sha1_base64="c3rR2RWuXcCMUCA2oVR8CZy/suc="></latexit><latexit sha1_base64="c3rR2RWuXcCMUCA2oVR8CZy/suc="></latexit>



X1 ?? X3 |X2
<latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit><latexit sha1_base64="g/8b8H/4OaMFHSDVS0gVlIoguMw="></latexit>

p(x) =
1

Z

Y

C

 C(xC)
<latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit><latexit sha1_base64="yi1krAgJNhkcA6pRU76EcSBbC5A="></latexit>

Def X = {Xv}v2V factorizes on G i↵ p(x) =
Q

v2V p(xv |xpa(v)).
<latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit><latexit sha1_base64="YOx37cB+pzlyGX4t/NRnQR5X4qA="></latexit>

=)
<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

1
<latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit><latexit sha1_base64="tu2RM2RtmYc0QCiyM+r0ial5t/I="></latexit>

3
<latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit><latexit sha1_base64="d2WBvnyBpvFgJCnTycetUbsvE/c="></latexit>
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<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit> p(x) = p(x2)p(x1 |x2)p(x3 |x2)
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<latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit><latexit sha1_base64="v9uSz/YwfhbqoN/yRj3JznDEJHQ="></latexit>
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<latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit><latexit sha1_base64="54cJs7PyV8xnyXn9hmdbZqhAclk="></latexit>

p(x) = p(x1)p(x3)p(x2 |x1, x3)
<latexit sha1_base64="+cTULg9q/XHFgbbXwo5c4p+H1WI="></latexit><latexit sha1_base64="+cTULg9q/XHFgbbXwo5c4p+H1WI="></latexit><latexit sha1_base64="+cTULg9q/XHFgbbXwo5c4p+H1WI="></latexit><latexit sha1_base64="+cTULg9q/XHFgbbXwo5c4p+H1WI="></latexit>
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Directed models often appear with generative models 

•Ancestral sampling 

•For Gaussians, like having a Cholesky factorization

Jµ = h
<latexit sha1_base64="v0odCfbih3Dmx5gTWFqEWuDBSGg="></latexit><latexit sha1_base64="v0odCfbih3Dmx5gTWFqEWuDBSGg="></latexit><latexit sha1_base64="v0odCfbih3Dmx5gTWFqEWuDBSGg="></latexit><latexit sha1_base64="v0odCfbih3Dmx5gTWFqEWuDBSGg="></latexit>

Undirected models often appear in inference 

•For Gaussians, like solving the linear system



Conditional random fields (CRFs) are PGMs where 
potentials depend on exogenous data

p(y ; x) /  1(y1 ; x1) 12(y1, y2) 2(y2 ; x2) 23(y2, y3) 3(y3 ; x3)
<latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit><latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit><latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit><latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit>



Conditional random fields (CRFs) are PGMs where 
potentials depend on exogenous data

p(y ; x) /  1(y1 ; x1) 12(y1, y2) 2(y2 ; x2) 23(y2, y3) 3(y3 ; x3)
<latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit><latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit><latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit><latexit sha1_base64="GA/JfXOXgP/6ih3czpU8DcTqgQo=">AAAGDXicdVTbbtNAEHVKAyXcWnjkxSJFalGobKeUVAipoVVUCSqK1JtUp9F6M3FN12trvS6NFn8Dj3wJb4hXvoGPQWLWSXNxiiVbs2fOGc+eWa0XsyCRlvWnNHdrvnz7zsLdyr37Dx4+Wlx6fJREqaBwSCMWiROPJMACDocykAxOYgEk9BgcexfbOn98CSIJIn4g+zG0Q+LzoBdQIhHqLH6PV/qmGxNBQvNqFSMRxTIyFQYxrp </latexit>

 n(yn ; xn) =  (yn ; f(xn,�)) for neural network f( · ,�)
<latexit sha1_base64="YeSVZ56vBiNHnRl0gTGO6zPQ0FY="></latexit><latexit sha1_base64="YeSVZ56vBiNHnRl0gTGO6zPQ0FY="></latexit><latexit sha1_base64="YeSVZ56vBiNHnRl0gTGO6zPQ0FY="></latexit><latexit sha1_base64="YeSVZ56vBiNHnRl0gTGO6zPQ0FY="></latexit>



Conditional random fields (CRFs) are PGMs where 
potentials depend on exogenous data



Goals
1. Motivate why PGMs + DNNs are a revolution waiting to happen


2. Survey the fundamentals of PGMs and exponential families 
so that you have a broad view of the territory


3. Show how to unify many models and algorithms in a framework 
that lets you leverage automatic differentiation


4. Make SVAEs and related PGM + DNN architectures 
super obvious so that you can invent better ones



Def An exponential family of densities is
<latexit sha1_base64="x0r5VZvj5xRWlAm3Zv+5Nqe9Lyk="></latexit><latexit sha1_base64="x0r5VZvj5xRWlAm3Zv+5Nqe9Lyk="></latexit><latexit sha1_base64="x0r5VZvj5xRWlAm3Zv+5Nqe9Lyk="></latexit><latexit sha1_base64="x0r5VZvj5xRWlAm3Zv+5Nqe9Lyk="></latexit>
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p(x ; ⌘) = exp(h⌘, t(x)i �A(⌘))
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defined by statistic function t : X ! W
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x = (x1, x2, . . . , xN ), xn 2 {0, 1}
<latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit>

p(x) / exp(⌘1x1 + ⌘2x2 + . . .

⌘12x1x2 + ⌘23x2x3 + . . .)
<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>

 n(xn) = exp(⌘nxn),  n,n+1(xn, xn+1) = exp(⌘n,n+1xnxn+1)
<latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit>

�n,n+1(xn, xn+1) = ⌘n,n+1xnxn+1
<latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit>

�n(xn) = ⌘nxn,
<latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit>

t(x) = (�1(x1), . . . ,�N (xN ),

�1,2(x1, x2), . . . ,�N�1,N (xN�1, xN ))
<latexit sha1_base64="jb++4PIY5hEHLG/4R2vc7a4dj+o="></latexit><latexit sha1_base64="jb++4PIY5hEHLG/4R2vc7a4dj+o="></latexit><latexit sha1_base64="jb++4PIY5hEHLG/4R2vc7a4dj+o="></latexit><latexit sha1_base64="jb++4PIY5hEHLG/4R2vc7a4dj+o="></latexit>
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<latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit>

p(x) / exp(⌘1x1 + ⌘2x2 + . . .

⌘12x1x2 + ⌘23x2x3 + . . .)
<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>

 n(xn) = exp(⌘nxn),  n,n+1(xn, xn+1) = exp(⌘n,n+1xnxn+1)
<latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit>

�n,n+1(xn, xn+1) = ⌘n,n+1xnxn+1
<latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit>

�n(xn) = ⌘nxn,
<latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit>

t(x) =

2

6664

x1

x2
...

xN

3

7775

⇥
x1 x2 · · · xN

⇤

<latexit sha1_base64="uOWcx/i4fja04HICPWoPbM+P6TY="></latexit><latexit sha1_base64="uOWcx/i4fja04HICPWoPbM+P6TY="></latexit><latexit sha1_base64="uOWcx/i4fja04HICPWoPbM+P6TY="></latexit><latexit sha1_base64="uOWcx/i4fja04HICPWoPbM+P6TY="></latexit>
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<latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit>
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<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>
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<latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit>

�n,n+1(xn, xn+1) = ⌘n,n+1xnxn+1
<latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit>
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<latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit>
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<latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit>
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<latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit>

p(x) / exp(⌘1x1 + ⌘2x2 + . . .

⌘12x1x2 + ⌘23x2x3 + . . .)
<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>

 n(xn) = exp(⌘nxn),  n,n+1(xn, xn+1) = exp(⌘n,n+1xnxn+1)
<latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit>

�n,n+1(xn, xn+1) = ⌘n,n+1xnxn+1
<latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit>

�n(xn) = ⌘nxn,
<latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit>

t(x) = xxT
<latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit>

⌘ =
<latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit>
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<latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit>

p(x) / exp(⌘1x1 + ⌘2x2 + . . .

⌘12x1x2 + ⌘23x2x3 + . . .)
<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>

 n(xn) = exp(⌘nxn),  n,n+1(xn, xn+1) = exp(⌘n,n+1xnxn+1)
<latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit>

�n,n+1(xn, xn+1) = ⌘n,n+1xnxn+1
<latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit>

�n(xn) = ⌘nxn,
<latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit>

t(x) = xxT
<latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit>

⌘ =
<latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit>
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<latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit><latexit sha1_base64="1d4rAGCPi3l1j2YSNbpVprOtPc4="></latexit>
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<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>
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<latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit><latexit sha1_base64="wEodSzupR/pMwJJxox4g6Fvkjs8="></latexit>

�n,n+1(xn, xn+1) = ⌘n,n+1xnxn+1
<latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit><latexit sha1_base64="F2figVeNdE1AHpObPoeAiAzzRyQ="></latexit>
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<latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit><latexit sha1_base64="/skYeII4365jmwHlr8v5K+2oZmI="></latexit>
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<latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit>
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<latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit><latexit sha1_base64="vGUd2fuA8pkGZ+nlUFJfDZTpgdM="></latexit>
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<latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit><latexit sha1_base64="tNhojWfwTmmyqS1y82iMWr/K0oQ="></latexit>
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<latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit><latexit sha1_base64="WSWb3i+OoHDd/C3SsatljW5mnIA="></latexit>
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A(⌘) = log
X

x2{0,1}N

exp(h⌘, t(x)i)
<latexit sha1_base64="k1Vz5ZLjNUjQhn5AuXB7HBNWuto="></latexit><latexit sha1_base64="k1Vz5ZLjNUjQhn5AuXB7HBNWuto="></latexit><latexit sha1_base64="k1Vz5ZLjNUjQhn5AuXB7HBNWuto="></latexit><latexit sha1_base64="k1Vz5ZLjNUjQhn5AuXB7HBNWuto="></latexit>
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Example: hidden Markov model (HMM)

from scipy.stats import logsumexp

def log_normalizer(natparams, data):
  log_pi, log_A, log_B = natparams
  log_alpha = log_pi
  for y in data:
    log_alpha = logsumexp(log_alpha[:, None] + log_A, axis=0) + log_B[:, y]
  return logsumexp(log_alpha)

from autograd import grad
E_stats = grad(log_normalizer)(natparams, data)

https://github.com/HIPS/autograd/blob/master/examples/hmm_em.py

https://github.com/HIPS/autograd/blob/master/examples/hmm_em.py


What about maximum likelihood?



Say {xn}Nn=1 are samples, consider
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What about maximum likelihood?



A⇤(µ) , sup
⌘2⇥

h⌘, µi �A(⌘)
<latexit sha1_base64="ac29lscg3V+Bw5F6/VR3vttZuBY="></latexit><latexit sha1_base64="ac29lscg3V+Bw5F6/VR3vttZuBY="></latexit><latexit sha1_base64="ac29lscg3V+Bw5F6/VR3vttZuBY="></latexit><latexit sha1_base64="ac29lscg3V+Bw5F6/VR3vttZuBY="></latexit>

So maximum likelihood is the concave problem
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What about maximum likelihood?
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Summary for tractable exponential  families
For each tractable exponential family…


1. implement          and           for exact inference 
and mean field variational  inference


2. implement             for maximum likelihood 
and (variational) expectation-maximization (EM)


3. implement sample for drawing samples 
and Gibbs sampling MCMC


Next up: composing tractable families into intractable ones!
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Compose exp. families, get compositional algorithms?
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Compose exp. families, get compositional algorithms?
<latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit>

For x = (x1, x2) consider a negative energy function
<latexit sha1_base64="oHVjLvqmZDzhTajHNw5gV/l3YX0="></latexit><latexit sha1_base64="oHVjLvqmZDzhTajHNw5gV/l3YX0="></latexit><latexit sha1_base64="oHVjLvqmZDzhTajHNw5gV/l3YX0="></latexit><latexit sha1_base64="oHVjLvqmZDzhTajHNw5gV/l3YX0="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

= h⌘10, t1(x1)i+ h⌘01, t2(x2)i
+ h⌘11, t1(x1)⌦ t2(x2)i+ const.

<latexit sha1_base64="REoe+fI78PPZ7U0w9GKuVxmFcu4="></latexit><latexit sha1_base64="REoe+fI78PPZ7U0w9GKuVxmFcu4="></latexit><latexit sha1_base64="REoe+fI78PPZ7U0w9GKuVxmFcu4="></latexit><latexit sha1_base64="REoe+fI78PPZ7U0w9GKuVxmFcu4="></latexit>



For x = (x1, . . . , xM ) consider a negative energy function
<latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit>

Compose exp. families, get compositional algorithms?
<latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit>



For x = (x1, . . . , xM ) consider a negative energy function
<latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit>

where g is a multi-a�ne polynomial
<latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit>

Compose exp. families, get compositional algorithms?
<latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit>



For x = (x1, . . . , xM ) consider a negative energy function
<latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit>

where g is a multi-a�ne polynomial
<latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit>

� 2 � ✓ {0, 1}M indexes monomial terms
<latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit>

Compose exp. families, get compositional algorithms?
<latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit>



For x = (x1, . . . , xM ) consider a negative energy function
<latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit>

where g is a multi-a�ne polynomial
<latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit>

� 2 � ✓ {0, 1}M indexes monomial terms
<latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit>

each tm(xm) corresponds to a tractable exponential family
<latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit><latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit><latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit><latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit>

Compose exp. families, get compositional algorithms?
<latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit>



For x = (x1, . . . , xM ) consider a negative energy function
<latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit><latexit sha1_base64="WY440aB577LI+4DkOd95Ih95S0E="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit><latexit sha1_base64="48mOpvJe6eKnjqeFgB4MFVE+5pY="></latexit>

where g is a multi-a�ne polynomial
<latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit><latexit sha1_base64="Wogwd4dMK4kRUOsamOTbiUqVCZw="></latexit>

� 2 � ✓ {0, 1}M indexes monomial terms
<latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit><latexit sha1_base64="n4a7FELDEFFVnu4l2SB7k9fZ3O4="></latexit>

each tm(xm) corresponds to a tractable exponential family
<latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit><latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit><latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit><latexit sha1_base64="QnVVKaHJ+nwnwBhmpzplT0ZLUUI="></latexit>

Compose exp. families, get compositional algorithms?
<latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit><latexit sha1_base64="heHv1lF1jXMzDMaY0ORa/UQsyQw="></latexit>

But the normalizer A is not tractable!
<latexit sha1_base64="hkGxsySuye6GXpYKJcHuyn3ND4s="></latexit><latexit sha1_base64="hkGxsySuye6GXpYKJcHuyn3ND4s="></latexit><latexit sha1_base64="hkGxsySuye6GXpYKJcHuyn3ND4s="></latexit><latexit sha1_base64="hkGxsySuye6GXpYKJcHuyn3ND4s="></latexit>



log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM )) + const.
<latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit>



Can we build algorithms for

1. approximate sampling x ⇠ p(x ; ⌘) via MCMC?

2. approximate expectations E[t(X)] and A?

3. variational Expectation-Maximization to estimate ⌘?

that exploit the tractable parts?
<latexit sha1_base64="6gcaObIP6RL0gQi6Y4O9WtveYmE="></latexit><latexit sha1_base64="6gcaObIP6RL0gQi6Y4O9WtveYmE="></latexit><latexit sha1_base64="6gcaObIP6RL0gQi6Y4O9WtveYmE="></latexit><latexit sha1_base64="6gcaObIP6RL0gQi6Y4O9WtveYmE="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM )) + const.
<latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit>



log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM )) + const.
<latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit>



p(xm |x¬m) = exp(h⌘⇤m, tm(xm)i �Am(⌘⇤m))
<latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit>

⌘⇤m , rmg(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit>

Claim [Gibbs sampling]
<latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit>

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM )) + const.
<latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit>



p(xm |x¬m) = exp(h⌘⇤m, tm(xm)i �Am(⌘⇤m))
<latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit>

⌘⇤m , rmg(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit>

Claim [Gibbs sampling]
<latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit>

from autograd import grad 

def gibbs(g, samplers, niter, x):
  for _ in range(niter):
    for m in range(M):
      x[m] = samplers[m](grad(g)(*x))
  return x

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM )) + const.
<latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit><latexit sha1_base64="2jGO6l2pMpAEYCrFRleHSLJB2is="></latexit>



p(xm |x¬m) = exp(h⌘⇤m, tm(xm)i �Am(⌘⇤m))
<latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit><latexit sha1_base64="XZ2UZa4D7HoJKbncUqTYUHK5IzE="></latexit>

⌘⇤m , rmg(t1(x1), . . . , tM (xM ))
<latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit><latexit sha1_base64="BbwxhUJMRmr6MHtYuW5WKrhc3xg="></latexit>

Claim [Gibbs sampling]
<latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit><latexit sha1_base64="zZYnIAPdDQGcHkOcs+wvtEeNPgw="></latexit>

from autograd import grad 

def gibbs(g, samplers, niter, x):
  for _ in range(niter):
    for m in range(M):
      x[m] = samplers[m](grad(g)(*x))
  return x

log p(x ; ⌘) = h⌘, t(x)i+ const.

=
X

�2�

h⌘� , t1(x1)
�1 ⌦ t2(x2)

�2 ⌦ · · ·⌦ tM (xM )�M i

, g(t1(x1), . . . , tM (xM )) + const.
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def meanfield(g, As, etas):
  def meanfield_sweep(mus):
    for m in range(M):
      mus[m] = grad(As[m])(grad(g, m)(*mus))
    return mus

  mus = [grad(As[m])(etas[m]) for m in range(M)]
  mu_stars = fixed_point(meanfield_sweep, mus)
  return [grad(g, m)(*mu_stars) for m in range(M)]



def neg_energy(eta_prior, t_y, t_theta, t_z, t_x):
  t_z_node = markovchain.pair_to_node(t_z)
  t_z_trans = t_z[..., :-1, :, :]
  t_x_init = lds.pair_to_node(t_x[..., 0, :, :])
  t_x_trans = t_x[..., :-1, :, :]
  t_xy = gaussian.stats_product(lds.pair_to_node(t_x), t_y)
  return dot(eta_prior, t_theta) - logZ_theta(eta_prior)                         \
      + np.einsum('i,...i->',        t_theta[0], t_z_node[..., 0, :])            \
      + np.einsum('ij,...tij->',     t_theta[1], t_z_trans)                      \
      + np.einsum('kij,k,...ij->',   t_theta[2], t_z_node[..., 0, :], t_x_init)  \
      + np.einsum('kij,tk,...tij->', t_theta[3], t_z_node, t_x)                  \
      + np.einsum('ij,...tij->',     t_theta[4], t_xy)



def normal_logpdf(x, loc,  scale):
  prec = 1. / scale**2
  return -(np.sum(prec * mu**2) - np.sum(np.log(prec))
           + np.log(2. * np.pi)) * N / 2.

def normal_logpdf(pi, z, mu, tau, x):
  logp = (np.sum((alpha-1) * np.log(x)) - np.sum(gammaln(alpha))
          + np.sum(gammaln(np.sum(alpha, -1))))
  logp += normal_logpdf(mu, 0., 1./np.sqrt(kappa * tau))
  logp += np.sum(one_hot(z, K) * np.log(pi))
  logp += (a-1)*np.log(tau) - b*tau + a*np.log(b) - gammaln(a)
  mu_z = np.dot(one_hot(z, K), mu)
  loglike = normal_logpdf(x, mu_z, 1./np.sqrt(tau))
  return logp + loglike
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4. Make SVAEs and related PGM + DNN architectures 
super obvious so that you can invent better ones
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Step 1: compute evidence potentials

Step 3: compute natural gradient

Step 2: run fast message passing

[1] Johnson and Willsky. Stochastic variational inference for Bayesian time series models. ICML 2014. 
[2] Foti, Xu, Laird, and Fox. Stochastic variational inference for hidden Markov models. NIPS 2014.
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Inference: recognition networks output conjugate potentials,
then apply fast graphical model inference



✓
x1 x2 x3 x4

y1 y2 y3 y4

�

L(⌘✓, ⌘x) , Eq(✓)q(x)


log

p(✓, x)p(y |x, �)
q(✓)q(x)

�

<latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit>

x1 x2 x3 x4

✓

y1 y2 y3 y4



Eq(�) log p(yt |xt, �)

xt

✓
x1 x2 x3 x4

y1 y2 y3 y4

�

L(⌘✓, ⌘x) , Eq(✓)q(x)


log

p(✓, x)p(y |x, �)
q(✓)q(x)

�

<latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit>

x1 x2 x3 x4

✓

y1 y2 y3 y4



Eq(�) log p(yt |xt, �)

xt

✓
x1 x2 x3 x4

y1 y2 y3 y4

�

L(⌘✓, ⌘x) , Eq(✓)q(x)


log

p(✓, x)p(y |x, �)
q(✓)q(x)

�

<latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit>

bL(⌘✓, ⌘x,�) , Eq(✓)q(x)


log

p(✓, x) exp( (x ; y,�))

q(✓)q(x)

�

<latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit>

where  (x ; y,�) is a conjugate potential for p(x | ✓).
<latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit>

x1 x2 x3 x4

✓

y1 y2 y3 y4



Eq(�) log p(yt |xt, �)

xt

 (xt; yt,�)

✓
x1 x2 x3 x4

y1 y2 y3 y4

�

L(⌘✓, ⌘x) , Eq(✓)q(x)


log

p(✓, x)p(y |x, �)
q(✓)q(x)

�

<latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit>

bL(⌘✓, ⌘x,�) , Eq(✓)q(x)


log

p(✓, x) exp( (x ; y,�))

q(✓)q(x)

�

<latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit>

where  (x ; y,�) is a conjugate potential for p(x | ✓).
<latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit>

x1 x2 x3 x4

✓

y1 y2 y3 y4



Eq(�) log p(yt |xt, �)

xt

 (xt; yt,�)

✓
x1 x2 x3 x4

y1 y2 y3 y4

�

L(⌘✓, ⌘x) , Eq(✓)q(x)


log

p(✓, x)p(y |x, �)
q(✓)q(x)

�

<latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit><latexit sha1_base64="I0Wxi769PsptqWbfdVglkD/fdyw="></latexit>

bL(⌘✓, ⌘x,�) , Eq(✓)q(x)


log

p(✓, x) exp( (x ; y,�))

q(✓)q(x)

�

<latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit><latexit sha1_base64="9VDnREewOMUraVQUGblBgmzhT8c="></latexit>

where  (x ; y,�) is a conjugate potential for p(x | ✓).
<latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit><latexit sha1_base64="FVDXrzecm0lINzWmU7TDXbVOxYE="></latexit>

LSVAE(⌘✓,�) , L(⌘✓, ⌘⇤x(⌘✓,�))
<latexit sha1_base64="YHY9yLViMX+aOYyzgKVzJopedxc="></latexit><latexit sha1_base64="YHY9yLViMX+aOYyzgKVzJopedxc="></latexit><latexit sha1_base64="YHY9yLViMX+aOYyzgKVzJopedxc="></latexit><latexit sha1_base64="YHY9yLViMX+aOYyzgKVzJopedxc="></latexit>

⌘⇤x(⌘✓,�) , argmax
⌘x

bL(⌘✓, ⌘x,�)
<latexit sha1_base64="+t1n/DwEZQ2LmXwNMfHYv2IsW4U="></latexit><latexit sha1_base64="+t1n/DwEZQ2LmXwNMfHYv2IsW4U="></latexit><latexit sha1_base64="+t1n/DwEZQ2LmXwNMfHYv2IsW4U="></latexit><latexit sha1_base64="+t1n/DwEZQ2LmXwNMfHYv2IsW4U="></latexit>

x1 x2 x3 x4

✓

y1 y2 y3 y4



Step 1: apply recognition network



Step 1: apply recognition network



Step 1: apply recognition network



Step 1: apply recognition network



Step 1: apply recognition network Step 2: run fast PGM algorithms



Step 1: apply recognition network Step 2: run fast PGM algorithms



Step 1: apply recognition network Step 2: run fast PGM algorithms

Step 3: sample, compute flat grads



Step 1: apply recognition network Step 2: run fast PGM algorithms

Step 3: sample, compute flat grads



Step 1: apply recognition network

Step 4: compute natural gradient

Step 2: run fast PGM algorithms

Step 3: sample, compute flat grads



Step 1: apply recognition network

Step 4: compute natural gradient

Step 2: run fast PGM algorithms

Step 3: sample, compute flat grads



data space latent space



data space latent space



da
ta

frame index

pr
ed

ic
tio

ns
la

te
nt

 s
ta

te
s



da
ta

frame index

pr
ed

ic
tio

ns
la

te
nt

 s
ta

te
s



arbitrary inference queries*

*see next slide



SVAEs can use any inference network architectures

[1] Archer, Park, Buesing, Cunningham, Paninski. Black box variational inference for state space models. ICLR 2016 Workshops. 
[2] Gao*, Archer*, Paninski, Cunningham. Linear dynamical neural population models through nonlinear embeddings. NIPS 2016.



SVAEs
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Application: learn syllable representation of behavior from video
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Discovery of Heterozygous Phenotypes in Ror1b Mice

Alexander Wiltschko, Matthew Johnson, et al., Neuron 2015.



… and high and low doses of each drug

from Alex Wiltschko preprint
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that lets you leverage automatic differentiation

4. Make SVAEs and related PGM + DNN architectures 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Non-goals
1. Cover the recent literature on PGMs + DNNs


2. Unpack all the technical details



import jax.numpy as np
from jax import jit, grad, vmap

def predict(params, inputs):
  for W, b in params:
    outputs = np.dot(inputs, W) + b
    inputs = np.tanh(outputs)
  return outputs

def loss(params, batch):
  inputs, targets = batch
  preds = predict(params, inputs)
  return np.sum((preds - targets) ** 2)

gradient_fun = jit(grad(loss))
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import jax.numpy as np
from jax import jit, grad, vmap

def predict(params, inputs):
  for W, b in params:
    outputs = np.dot(inputs, W) + b
    inputs = np.tanh(outputs)
  return outputs

def loss(params, batch):
  inputs, targets = batch
  preds = predict(params, inputs)
  return np.sum((preds - targets) ** 2)

gradient_fun = jit(grad(loss))
perexample_grads = jit(vmap(grad(loss), (None, 0)))

What is JAX?

JAX is an extensible system for 
composable function transformations 

of Python + NumPy code.



Composing graphical models with neural networks 
like chocolate and peanut butter

Matthew J Johnson (mattjj@google.com) 
July 22 2019 @ UAI 2019

https://youtu.be/O7oD_oX-Gio

Graphical models and exponential families 
in the age of differentiable programming
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