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Abstract

Machine-learning models contain information
about the data they were trained on. This infor-
mation leaks either through the model itself or
through predictions made by the model. Conse-
quently, when the training data contains sensitive
attributes, assessing the amount of information
leakage is paramount. We propose a method to
quantify this leakage using the Fisher information
of the model about the data. Unlike the worst-case
a priori guarantees of differential privacy, Fisher
information loss measures leakage with respect to
specific examples, attributes, or sub-populations
within the dataset. We motivate Fisher informa-
tion loss through the Cramér-Rao bound and de-
lineate the implied threat model. We provide effi-
cient methods to compute Fisher information loss
for output-perturbed generalized linear models. Fi-
nally, we empirically validate Fisher information
loss as a useful measure of information leakage.

1 INTRODUCTION

Machine-learning models trained on sensitive data are of-
ten made public. Even when the models are not explicitly
released, they may be implicitly leaked from their predic-
tions [Papernot et al., 2017, Tramèr et al., 2016]. Undeniably,
these models contain information about the data they were
trained on. Without mitigating measures, training set mem-
bership can often be inferred [Shokri et al., 2017, Yeom
et al., 2018], and, in some cases, sensitive attributes or even
whole examples can be extracted [Carlini et al., 2019, 2020,
Fredrikson et al., 2014, 2015].

Assessing the information leaked from models about their
training data is commonly done with techniques such as dif-
ferential privacy [Dwork et al., 2006]. Differential privacy
successfully avoids the “just a few” failure mode of more

heuristic privacy assessments, in which privacy is protected
for many but not all individuals [Dwork and Roth, 2014].
This comes at the cost of a worst-case assessment, leading
to large differences in the vulnerability of individuals to pri-
vacy attacks. Also, a mismatch exists between the protection
of differential privacy, which is relative to participation in a
dataset, and privacy attacks, which can take advantage of the
absolute information leaked from a trained model [Carlini
et al., 2019, Long et al., 2018]. Furthermore, differential
privacy implicitly degrades when correlations exist in the
dataset [Ghosh and Kleinberg, 2016, Humphries et al., 2020,
Kasiviswanathan and Smith, 2008, Liu et al., 2016].

We propose an example-specific and correlation-aware mea-
sure of data leakage using Fisher information. The quantity,
which we term Fisher information loss, can assess the leak-
age of a model about various subsets of the full dataset. This
includes, for example, assessments at the granularity of indi-
vidual attributes, individual examples, groups of examples,
or the full training set. We show, via the Cramér-Rao bound,
that under specific assumptions the ability of an adversary
to estimate the underlying data from a model with bounded
Fisher information loss is limited. We also demonstrate that,
unlike differential privacy, Fisher information loss does not
implicitly degrade when data is correlated.

We derive tractable computations of Fisher information loss
in the case of Gaussian noise perturbation with generalized
linear models. We empirically validate Fisher information
loss with experiments on four datasets. We further demon-
strate that Fisher information loss accurately captures exam-
ples susceptible to attribute inversion attacks.

The ability of Fisher information loss to measure per-
example privacy loss means it can be used as the basis
for algorithms that aim to achieve fairness in privacy [Cum-
mings et al., 2019, Ekstrand et al., 2018]. We demonstrate
this by developing an algorithm that balances Fisher in-
formation loss for individuals in the training set, thereby
resolving the problem that subgroups may have “disparate
vulnerability” to privacy attacks [Yaghini et al., 2019].
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 2 RELATED WORK

This work builds on and complements a significant body of
prior work in assessing the privacy of a model with respect
to the data it was trained on. This includes approaches which
obfuscate the original data such as k-anonymity [Samarati
and Sweeney, 1998] and l-diversity [Machanavajjhala et al.,
2007], information theoretic criteria [Agrawal and Aggar-
wal, 2001], and, perhaps the most commonly studied, dif-
ferential privacy [Dwork et al., 2006] and its more recent
variations [Dong et al., 2019, Mironov, 2017]. While these
methods often provide rigorous privacy guarantees, most
of them do not explicitly bound the inferential power of
an adversary, and correlations in the training dataset can
be exploited by an adversary to mount a successful infer-
ence attack [Machanavajjhala et al., 2007, Li et al., 2007,
Ghosh and Kleinberg, 2016, Liu et al., 2016]. Moreover,
these definitions do not offer simple and flexible approaches
to measure the information leaked by a model about vary-
ing subsets of the training data. This can lead to unequal
vulnerability to privacy attacks despite attempts to protect
privacy [Yaghini et al., 2019].

Because these privacy assessment techniques do not identify
vulnerability at the level of the individual or sub-population,
prior work exists to quantify the susceptibility of such sub-
groups to privacy attacks. Farokhi and Kaafar [2020] pro-
pose an information theoretic measure of the vulnerability of
individual examples to membership inference attacks. Less
rigorous heuristics have also been studied [Long et al., 2017,
2018]. Carlini et al. [2019] propose a heuristic which can
infer the susceptibility of data to model inversion attacks.

This work also builds upon prior studies of Fisher informa-
tion as a measure of privacy. An early study analyzed loss of
Fisher information in a general randomized response frame-
work [Anderson, 1977]. More recently, the relationship of
privacy with Fisher information to estimator error through
the use of the Cramér-Rao bound was investigated [Farokhi
and Sandberg, 2017]. In particular, Farokhi and Sandberg
[2017] turn to Fisher information as a practical alternative to
differential privacy in protecting data collected from smart
power meters. We build from these works in several direc-
tions, including a broader application to generalized linear
models as well as the use of Fisher information loss in an
algorithm which can provide fairness in data leakage.

3 FISHER INFORMATION LOSS

Let D = {(x1, y1), . . . , (xn, yn)} be a training dataset of
n examples with xi ∈ Rd and scalar target yi. We denote
by A(D) a randomized learning algorithm which outputs a
hypothesis h from a predefined hypothesis spaceH. Treat-
ing the hypothesis as a random variable, pA(h | D) is the
probability density of h given D for the randomized algo-
rithm A(D). We denote by Ih(D) ∈ Rn(d+1)×n(d+1) the

Fisher information matrix (FIM) defined by

Ih(D) = −Eh
[
∇2
D log pA(h | D)

]
(1)

where ∇2
D yields the matrix of second derivatives of

log pA(h | D) with respect to the values in D, and the ex-
pectation is taken over the randomness in A(D). The FIM,
Ih(D), is a measure of the information that the hypothesis
h contains about the training dataD. Hence, we use the FIM
to measure the information loss from releasing the output h
of a single evaluation of A(D).

Definition (Fisher information loss). We say that h ∼ A(D)
has Fisher information loss (FIL) of η with respect to D if

‖Ih(D)‖2 ≤ η2, (2)

where ‖Ih(D)‖2 denotes the 2-norm, or largest singular
value, of the FIM. A smaller η means h contains less Fisher
information about the training data, D.

Motivation. Fisher information is a classical tool used in
statistics for lower bounding the variance of an estima-
tor [Lehmann and Casella, 2006]. We utilize this property
to demonstrate that a small FIL implies a large variance for
any unbiased estimate of the data.

Let z = [x>1 , y1, . . . ,x
>
n , yn] ∈ Rn(d+1) be the vector

formed by concatenating the examples in D, and z ∈ z
an arbitrary element. If the FIL of h with respect to D is
bounded by η, then for any unbiased estimator ẑ of z, we
have:

Var(ẑ) ≥ 1

η2
. (3)

Hence, a smaller FIL implies a larger variance in any unbi-
ased attempt to infer z. Equation 3 follows directly from the
Cramér-Rao bound. Indeed, under a fairly relaxed regularity
condition [Kay, 1993], for any unbiased estimator ẑ of the
data z, the Cramér-Rao bound states that:

E
[
(ẑ − z)(ẑ − z)>

]
� Ih(z)−1, (4)

where A � B if the matrix A−B is positive semidefinite.
Since the estimator is unbiased, this implies the covariance
of ẑ is similarly bounded:

Cov(ẑ) � Ih(z)−1. (5)

IfA(D) has an FIL of η then equation 2 implies Ih(z)−1ii ≥
1/η2 for all i, and from equation 5, Var(ẑ) ≥ 1/η2 follows.

Correlated data. Fisher information loss also provides
some security in the presence of intra-dataset correlations.
If a model has an FIL bounded by η with respect to the
training data (in vector form z), then the covariance ma-
trix for any unbiased estimator ẑ of that data is bounded
by ‖Cov(ẑ)‖2 ≥ 1/η2. This limits the ability of an adver-
sary using an unbiased estimator to infer relative differences
between elements in the dataset.



 2
4

3
5

<latexit sha1_base64="3+NiZs4dkFXL6hHyV0mBDorU3t4=">AAACKHicbVDLSsNAFJ34rPEVdelmsCiuSiIV3Vl047KCfUATymR62w6dTMLMRCyh/o0bf8WNiCLd+iVOH4i2PXDhcM693HtPmHCmtOsOraXlldW19dyGvbm1vbPr7O1XVZxKChUa81jWQ6KAMwEVzTSHeiKBRCGHWti7Gfm1B5CKxeJe9xMIItIRrM0o0UZqOld+CB0msjAiWrLHgf2ET/C4fH8xt30Qrd/+ppN3C+4YeJ54U5JHU5SbzrvfimkagdCUE6UanpvoICNSM8phYPupgoTQHulAw1BBIlBBNn50gI+N0sLtWJoSGo/VvxMZiZTqR6HpNPd11aw3Ehd5jVS3L4OMiSTVIOhkUTvlWMd4lBpuMQlU874hhEpmbsW0SySh2mRrmxC82ZfnSfWs4BUL53fFfOl6GkcOHaIjdIo8dIFK6BaVUQVR9Ixe0Qf6tF6sN+vLGk5al6zpzAH6B+v7B9JWo2U=</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

Ih(D)

<latexit sha1_base64="PjGfhqxQ85tJZ8dLEEPhRXr+YMA=">AAACA3icbVDLSsNAFL3xWesr6k43wSLUTUmkosuiLnRXwT6gDWEynbRDJ5MwMxFKKLjxV9y4UMStP+HOv3HSBtHWAwNnzrmXe+/xY0alsu0vY2FxaXlltbBWXN/Y3No2d3abMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vKHl5nfuidC0ojfqVFM3BD1OQ0oRkpLnrnfDZEaYMTSm7E3KP/8rsbHnlmyK/YE1jxxclKCHHXP/Oz2IpyEhCvMkJQdx46VmyKhKGZkXOwmksQID1GfdDTlKCTSTSc3jK0jrfSsIBL6cWVN1N8dKQqlHIW+rsx2lLNeJv7ndRIVnLsp5XGiCMfTQUHCLBVZWSBWjwqCFRtpgrCgelcLD5BAWOnYijoEZ/bkedI8qTjVyulttVS7yOMowAEcQhkcOIMaXEMdGoDhAZ7gBV6NR+PZeDPep6ULRt6zB39gfHwD8waXuA==</latexit>

2
4

3
5

<latexit sha1_base64="3+NiZs4dkFXL6hHyV0mBDorU3t4=">AAACKHicbVDLSsNAFJ34rPEVdelmsCiuSiIV3Vl047KCfUATymR62w6dTMLMRCyh/o0bf8WNiCLd+iVOH4i2PXDhcM693HtPmHCmtOsOraXlldW19dyGvbm1vbPr7O1XVZxKChUa81jWQ6KAMwEVzTSHeiKBRCGHWti7Gfm1B5CKxeJe9xMIItIRrM0o0UZqOld+CB0msjAiWrLHgf2ET/C4fH8xt30Qrd/+ppN3C+4YeJ54U5JHU5SbzrvfimkagdCUE6UanpvoICNSM8phYPupgoTQHulAw1BBIlBBNn50gI+N0sLtWJoSGo/VvxMZiZTqR6HpNPd11aw3Ehd5jVS3L4OMiSTVIOhkUTvlWMd4lBpuMQlU874hhEpmbsW0SySh2mRrmxC82ZfnSfWs4BUL53fFfOl6GkcOHaIjdIo8dIFK6BaVUQVR9Ixe0Qf6tF6sN+vLGk5al6zpzAH6B+v7B9JWo2U=</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

x1

<latexit sha1_base64="iDmjhSiXbKjCZJNmzREHAveDHsE=">AAAB/3icbVC7SgNBFL0TXzG+opY2g0GwCruiaBm0sYxgHpAsYXYymwyZmV1mZsWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOWEiuLGe94UKK6tr6xvFzdLW9s7uXnn/oGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqZ+q0Hpg2P1b0dJyyQZKB4xCmxTmp3Q5k9Tnp+r1zxqt4MeJn4OalAjnqv/N3txzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZLN/J/jEKX0cxdqNsnim/r7IiDRmLEO3KYkdmkVvKv7rhXIh2UZXQcZVklqm6Dw4SgW2MZ6WgftcM2rF2BFCNXe/YzokmlDrKiu5UvzFCpZJ86zqn1cv7s4rteu8niIcwTGcgg+XUINbqEMDKAh4hhd4RU/oDb2jj/lqAeU3h/AH6PMHckOWow==</latexit>

x2

<latexit sha1_base64="I7X/76Max2PsLUcq8MP2tqp/cN4=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrshomXQxjKCeUCyhNnJbDJkZnaZmRWXJYW/YKu9ndj6KbZ+iZNkC008cOFwzr2cywlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObmd95oEqzSN6bNKa+wCPJQkawsVK3H4jscTqoDcoVt+rOgVaJl5MK5GgOyt/9YUQSQaUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SiQXVfjb/d4rOrDJEYaTsSIPm6u+LDAutUxHYTYHNWC97M/FfLxBLySa88jMm48RQSRbBYcKRidCsDDRkihLDU0swUcz+jsgYK0yMraxkS/GWK1gl7VrVq1cv7uqVxnVeTxFO4BTOwYNLaMAtNKEFBDg8wwu8Ok/Om/PufCxWC05+cwx/4Hz+AHPXlqQ=</latexit>

x3

<latexit sha1_base64="bvvubUt+HU6Iuqya2ZJgIqEEkak=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsa0TJoYxnBPCBZwuxkNhkyM7vMzIphSeEv2GpvJ7Z+iq1f4mSzhSYeuHA4517O5QQxZ9q47pdTWFldW98obpa2tnd298r7By0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UKVZJO/NJKa+wEPJQkawsVKnF4j0cdo/75crbtXNgJaJl5MK5Gj0y9+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpr9O0UnVhmgMFJ2pEGZ+vsixULriQjspsBmpBe9mfivF4iFZBNe+SmTcWKoJPPgMOHIRGhWBhowRYnhE0swUcz+jsgIK0yMraxkS/EWK1gmrbOqV6te3NUq9eu8niIcwTGcggeXUIdbaEATCHB4hhd4dZ6cN+fd+ZivFpz85hD+wPn8AXVrlqU=</latexit>

2
4

3
5

<latexit sha1_base64="3+NiZs4dkFXL6hHyV0mBDorU3t4=">AAACKHicbVDLSsNAFJ34rPEVdelmsCiuSiIV3Vl047KCfUATymR62w6dTMLMRCyh/o0bf8WNiCLd+iVOH4i2PXDhcM693HtPmHCmtOsOraXlldW19dyGvbm1vbPr7O1XVZxKChUa81jWQ6KAMwEVzTSHeiKBRCGHWti7Gfm1B5CKxeJe9xMIItIRrM0o0UZqOld+CB0msjAiWrLHgf2ET/C4fH8xt30Qrd/+ppN3C+4YeJ54U5JHU5SbzrvfimkagdCUE6UanpvoICNSM8phYPupgoTQHulAw1BBIlBBNn50gI+N0sLtWJoSGo/VvxMZiZTqR6HpNPd11aw3Ehd5jVS3L4OMiSTVIOhkUTvlWMd4lBpuMQlU874hhEpmbsW0SySh2mRrmxC82ZfnSfWs4BUL53fFfOl6GkcOHaIjdIo8dIFK6BaVUQVR9Ixe0Qf6tF6sN+vLGk5al6zpzAH6B+v7B9JWo2U=</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

{

<latexit sha1_base64="mNqI4/WY6gE4r+1KomUNkXACecg=">AAAB+XicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoYxnFPCBZwuxkNhkyj2VmVghL/sBWezux9Wts/RInyRaaeODC4Zx7OZcTJZwZ6/tfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300Mv65Ypf9edAqyTISQVyNPrl795AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzT+dojOnDFCstBtp0Vz9fZFhYcxERG5TYDsyy95M/NeLxFKyja/DjMkktVSSRXCccmQVmtWABkxTYvnEEUw0c78jMsIaE+vKKrlSguUKVknrohrUqpf3tUr9Jq+nCCdwCucQwBXU4Q4a0AQCMTzDC7x6mffmvXsfi9WCl98cwx94nz/cRJQT</latexit>

Ih(x1)

<latexit sha1_base64="59q1zKfeQyozl761H3QCiDda9uk="></latexit>

(a) Full FIM (b) Example-level FIM (c) Attribute-level FIM

x1

<latexit sha1_base64="iDmjhSiXbKjCZJNmzREHAveDHsE=">AAAB/3icbVC7SgNBFL0TXzG+opY2g0GwCruiaBm0sYxgHpAsYXYymwyZmV1mZsWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOWEiuLGe94UKK6tr6xvFzdLW9s7uXnn/oGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqZ+q0Hpg2P1b0dJyyQZKB4xCmxTmp3Q5k9Tnp+r1zxqt4MeJn4OalAjnqv/N3txzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZLN/J/jEKX0cxdqNsnim/r7IiDRmLEO3KYkdmkVvKv7rhXIh2UZXQcZVklqm6Dw4SgW2MZ6WgftcM2rF2BFCNXe/YzokmlDrKiu5UvzFCpZJ86zqn1cv7s4rteu8niIcwTGcgg+XUINbqEMDKAh4hhd4RU/oDb2jj/lqAeU3h/AH6PMHckOWow==</latexit>

x2

<latexit sha1_base64="I7X/76Max2PsLUcq8MP2tqp/cN4=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrshomXQxjKCeUCyhNnJbDJkZnaZmRWXJYW/YKu9ndj6KbZ+iZNkC008cOFwzr2cywlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObmd95oEqzSN6bNKa+wCPJQkawsVK3H4jscTqoDcoVt+rOgVaJl5MK5GgOyt/9YUQSQaUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SiQXVfjb/d4rOrDJEYaTsSIPm6u+LDAutUxHYTYHNWC97M/FfLxBLySa88jMm48RQSRbBYcKRidCsDDRkihLDU0swUcz+jsgYK0yMraxkS/GWK1gl7VrVq1cv7uqVxnVeTxFO4BTOwYNLaMAtNKEFBDg8wwu8Ok/Om/PufCxWC05+cwx/4Hz+AHPXlqQ=</latexit>

x3

<latexit sha1_base64="bvvubUt+HU6Iuqya2ZJgIqEEkak=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsa0TJoYxnBPCBZwuxkNhkyM7vMzIphSeEv2GpvJ7Z+iq1f4mSzhSYeuHA4517O5QQxZ9q47pdTWFldW98obpa2tnd298r7By0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UKVZJO/NJKa+wEPJQkawsVKnF4j0cdo/75crbtXNgJaJl5MK5Gj0y9+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpr9O0UnVhmgMFJ2pEGZ+vsixULriQjspsBmpBe9mfivF4iFZBNe+SmTcWKoJPPgMOHIRGhWBhowRYnhE0swUcz+jsgIK0yMraxkS/EWK1gmrbOqV6te3NUq9eu8niIcwTGcggeXUIdbaEATCHB4hhd4dZ6cN+fd+ZivFpz85hD+wPn8AXVrlqU=</latexit>

x1

<latexit sha1_base64="iDmjhSiXbKjCZJNmzREHAveDHsE=">AAAB/3icbVC7SgNBFL0TXzG+opY2g0GwCruiaBm0sYxgHpAsYXYymwyZmV1mZsWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOWEiuLGe94UKK6tr6xvFzdLW9s7uXnn/oGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqZ+q0Hpg2P1b0dJyyQZKB4xCmxTmp3Q5k9Tnp+r1zxqt4MeJn4OalAjnqv/N3txzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZLN/J/jEKX0cxdqNsnim/r7IiDRmLEO3KYkdmkVvKv7rhXIh2UZXQcZVklqm6Dw4SgW2MZ6WgftcM2rF2BFCNXe/YzokmlDrKiu5UvzFCpZJ86zqn1cv7s4rteu8niIcwTGcgg+XUINbqEMDKAh4hhd4RU/oDb2jj/lqAeU3h/AH6PMHckOWow==</latexit>

x2

<latexit sha1_base64="I7X/76Max2PsLUcq8MP2tqp/cN4=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrshomXQxjKCeUCyhNnJbDJkZnaZmRWXJYW/YKu9ndj6KbZ+iZNkC008cOFwzr2cywlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObmd95oEqzSN6bNKa+wCPJQkawsVK3H4jscTqoDcoVt+rOgVaJl5MK5GgOyt/9YUQSQaUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SiQXVfjb/d4rOrDJEYaTsSIPm6u+LDAutUxHYTYHNWC97M/FfLxBLySa88jMm48RQSRbBYcKRidCsDDRkihLDU0swUcz+jsgYK0yMraxkS/GWK1gl7VrVq1cv7uqVxnVeTxFO4BTOwYNLaMAtNKEFBDg8wwu8Ok/Om/PufCxWC05+cwx/4Hz+AHPXlqQ=</latexit>

x3

<latexit sha1_base64="bvvubUt+HU6Iuqya2ZJgIqEEkak=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsa0TJoYxnBPCBZwuxkNhkyM7vMzIphSeEv2GpvJ7Z+iq1f4mSzhSYeuHA4517O5QQxZ9q47pdTWFldW98obpa2tnd298r7By0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UKVZJO/NJKa+wEPJQkawsVKnF4j0cdo/75crbtXNgJaJl5MK5Gj0y9+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpr9O0UnVhmgMFJ2pEGZ+vsixULriQjspsBmpBe9mfivF4iFZBNe+SmTcWKoJPPgMOHIRGhWBhowRYnhE0swUcz+jsgIK0yMraxkS/EWK1gmrbOqV6te3NUq9eu8niIcwTGcggeXUIdbaEATCHB4hhd4dZ6cN+fd+ZivFpz85hD+wPn8AXVrlqU=</latexit>

x1

<latexit sha1_base64="iDmjhSiXbKjCZJNmzREHAveDHsE=">AAAB/3icbVC7SgNBFL0TXzG+opY2g0GwCruiaBm0sYxgHpAsYXYymwyZmV1mZsWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOWEiuLGe94UKK6tr6xvFzdLW9s7uXnn/oGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqZ+q0Hpg2P1b0dJyyQZKB4xCmxTmp3Q5k9Tnp+r1zxqt4MeJn4OalAjnqv/N3txzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZLN/J/jEKX0cxdqNsnim/r7IiDRmLEO3KYkdmkVvKv7rhXIh2UZXQcZVklqm6Dw4SgW2MZ6WgftcM2rF2BFCNXe/YzokmlDrKiu5UvzFCpZJ86zqn1cv7s4rteu8niIcwTGcgg+XUINbqEMDKAh4hhd4RU/oDb2jj/lqAeU3h/AH6PMHckOWow==</latexit>

x2

<latexit sha1_base64="I7X/76Max2PsLUcq8MP2tqp/cN4=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrshomXQxjKCeUCyhNnJbDJkZnaZmRWXJYW/YKu9ndj6KbZ+iZNkC008cOFwzr2cywlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObmd95oEqzSN6bNKa+wCPJQkawsVK3H4jscTqoDcoVt+rOgVaJl5MK5GgOyt/9YUQSQaUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SiQXVfjb/d4rOrDJEYaTsSIPm6u+LDAutUxHYTYHNWC97M/FfLxBLySa88jMm48RQSRbBYcKRidCsDDRkihLDU0swUcz+jsgYK0yMraxkS/GWK1gl7VrVq1cv7uqVxnVeTxFO4BTOwYNLaMAtNKEFBDg8wwu8Ok/Om/PufCxWC05+cwx/4Hz+AHPXlqQ=</latexit>

x3

<latexit sha1_base64="bvvubUt+HU6Iuqya2ZJgIqEEkak=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsa0TJoYxnBPCBZwuxkNhkyM7vMzIphSeEv2GpvJ7Z+iq1f4mSzhSYeuHA4517O5QQxZ9q47pdTWFldW98obpa2tnd298r7By0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HNzG8/UKVZJO/NJKa+wEPJQkawsVKnF4j0cdo/75crbtXNgJaJl5MK5Gj0y9+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpr9O0UnVhmgMFJ2pEGZ+vsixULriQjspsBmpBe9mfivF4iFZBNe+SmTcWKoJPPgMOHIRGhWBhowRYnhE0swUcz+jsgIK0yMraxkS/EWK1gmrbOqV6te3NUq9eu8niIcwTGcggeXUIdbaEATCHB4hhd4dZ6cN+fd+ZivFpz85hD+wPn8AXVrlqU=</latexit>

x1

<latexit sha1_base64="iDmjhSiXbKjCZJNmzREHAveDHsE=">AAAB/3icbVC7SgNBFL0TXzG+opY2g0GwCruiaBm0sYxgHpAsYXYymwyZmV1mZsWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOWEiuLGe94UKK6tr6xvFzdLW9s7uXnn/oGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqZ+q0Hpg2P1b0dJyyQZKB4xCmxTmp3Q5k9Tnp+r1zxqt4MeJn4OalAjnqv/N3txzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZLN/J/jEKX0cxdqNsnim/r7IiDRmLEO3KYkdmkVvKv7rhXIh2UZXQcZVklqm6Dw4SgW2MZ6WgftcM2rF2BFCNXe/YzokmlDrKiu5UvzFCpZJ86zqn1cv7s4rteu8niIcwTGcgg+XUINbqEMDKAh4hhd4RU/oDb2jj/lqAeU3h/AH6PMHckOWow==</latexit>

x2

<latexit sha1_base64="I7X/76Max2PsLUcq8MP2tqp/cN4=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrshomXQxjKCeUCyhNnJbDJkZnaZmRWXJYW/YKu9ndj6KbZ+iZNkC008cOFwzr2cywlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObmd95oEqzSN6bNKa+wCPJQkawsVK3H4jscTqoDcoVt+rOgVaJl5MK5GgOyt/9YUQSQaUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SiQXVfjb/d4rOrDJEYaTsSIPm6u+LDAutUxHYTYHNWC97M/FfLxBLySa88jMm48RQSRbBYcKRidCsDDRkihLDU0swUcz+jsgYK0yMraxkS/GWK1gl7VrVq1cv7uqVxnVeTxFO4BTOwYNLaMAtNKEFBDg8wwu8Ok/Om/PufCxWC05+cwx/4Hz+AHPXlqQ=</latexit>
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Figure 1: The FIM for different subsets of the training data.

3.1 PROPERTIES OF FIL

Subsets. In many cases we are interested in measuring FIL
with respect to a single example (xi, yi) ∈ D. In this case,
we can compute the example-specific FIM by selecting the
corresponding entries of the full FIM. Given the FIM for
the vector represented data z, computing the FIM for the
i-th example amounts to selecting the submatrix of size
(d+ 1)× (d+ 1) with upper left corner Ih(z)i(d+1),i(d+1).
Similarly, computing the FIM for a specific attribute over all
examples, {xji}ni=1, amounts to constructing the submatrix
by selecting the corresponding entries from the full FIM.
See figure 1 for an illustration. In general, we can compute
the FIM for any subset of elements of D by selecting their
corresponding entries from the full FIM.

Composition. The Fisher information, and hence FIL, com-
pose additively. Given k independent evaluations of A(D)
each with an FIL of η, the combined FIL is at most kη. More
generally, given an evaluation of k unique but independent
randomized algorithms {hi ∼ Ai(D) | i = 1, . . . , k} each
with an FIM of Ihi(D), the FIM with respect to all of the
hi’s is given by Ih1,...,hk

(D) =
∑k
i=1 Ihi(D) [Lehmann

and Casella, 2006]. Hence, if ‖Ihi
(D)‖2 ≤ η2i , then the

combined FIL for all hi about D is at most (
∑k
i=1 η

2
i )1/2.

This follows from the triangle inequality applied to the ma-
trix 2-norm.

Closed under post-processing. As in differential pri-
vacy, FIL is closed under post-processing. If ‖Ih(D)‖2 ≤
η2, then for any function of the hypothesis, g(h),
‖Ig(h)(D)‖2 ≤ η2. This follows since the matrix
Ih(D)− Ig(h)(D) is positive semidefinite for any function
g(h) [Schervish, 2012].

Threat model. The bounds on an adversary’s ability to
estimate the data apply under several assumptions about the
problem setting and the adversary:

• The required regularity condition is satisfied so that the
FIM exists and the Cramér-Rao bound applies [Kay,
1993]. Namely, the expected value of the score function
of the density pA(h | D) should be 0 for all D:

Eh
[
∂ log pA(h | D)

∂D

]
= 0, (6)

which essentially states that the derivative and integral
commute:

Eh
[
∂ log pA(h | D)

∂D

]
=

∫

h

pA(h | D)

pA(h | D)

∂pA(h | D)

∂D dh

=
∂

∂D

∫

h

pA(h | D)dh = 0.

This condition is satisfied for the models and privacy
mechanisms we consider.

• We assume the adversary is limited to unbiased esti-
mators of the unknown data. While achieving lower
variance estimators is possible, this means the estima-
tor will have to incur bias. Denoting by ψ(z) = E[ẑ]
the expected value of the estimator as a function of
the unknown data, the Cramér-Rao bound for biased
estimators generalizes to:

Cov(ẑ) � JψIh(z)−1J>ψ , (7)

where Jψ is the Jacobian of ψ with respect to z. This
gives a bound on the variance:

Var(ẑi) ≥ J>ψ,iIh(z)−1Jψ,i, (8)

where Jψ,i is the i-th row of Jψ [Lehmann and Casella,
2006]. Because mean squared error decomposes into a
variance and a bias term, we observe:

E
[
‖ẑ − z‖22

]
≥ J>ψ,iIh(z)−1Jψ,i + ‖E [ẑ]− z‖22.

(9)
When estimating individual elements zi ∈ z, equa-
tion 9 reduces to:

E
[
(ẑi − zi)2

]
≥
(
∂ψ

∂zi

)2

Ih(z)−1ii + (E [ẑi]− zi)2.
(10)

We observe from equation 8 that there are two ways
to reduce the variance of the estimator: 1) increase the
Fisher information or 2) reduce the sensitivity of the es-
timator to the value being estimated. If the Fisher infor-
mation is constant, then the reduction in variance must
come from the second option, which incurs bias. In the
scalar case, per equation 10, any attempt to reduce the
variance of the estimator will result in higher bias and
will not yield a smaller mean squared error. However,
in the multivariate case bounded FIL alone does not
guarantee a bounded mean squared error. James-Stein
type shrinkage can result in estimators with a smaller
increase in bias than the corresponding decrease in
variance relative to an unbiased estimator [Lehmann
and Casella, 2006].

• When estimating FIL for subsets of D, we assume the
remainder of the data is known by the adversary. This
assumption arises from the fact that selecting elements
of the full FIM corresponding to the subset is equiv-
alent to computing the FIM for that subset directly.



 Using the FIM of the subset to compute FIL makes
no assumptions about the remainder of D. In fact, if
the remainder of the data is assumed to be unknown
or partially known, FIL is still a valid upper bound on
information leakage. Intuitively, the adversary gains
at least as much information about the target subset
with knowledge of the remaining data. We derive a
mathematically precise statement of this claim below.
Suppose the adversary aims to infer example (x1, y1)
without knowledge of the remaining data. Let z be
the full data vector and let g(z) be a function that
selects the first d + 1 dimensions of z correspond-
ing to (x1, y1). For an unbiased estimator (x̂1, ŷ1) of
(x1, y1), the Cramér-Rao bound under the parameter
transformation g is given by:

Cov((x̂1, ŷ1)) � J>g Ih(z)−1Jg, (11)

where Jg is the Jacobian of g. Simplifying this expres-
sion gives Cov((x̂1, ŷ1)) � [Ih(z)−1]0:d,0:d.
To finish the derivation, one can use the matrix block-
inversion formula [Petersen and Pedersen, 2007] to
obtain:

[Ih(z)−1]0:d,0:d � [Ih(z)0:d,0:d]
−1, (12)

the latter of which is the FIM for (x1, y1) under the
assumption that the remaining data is known. Thus
Cov((x̂1, ŷ1)) � η21 where η1 is the FIL for (x1, y1).
This derivation can be easily generalized to any subset
of the training data.

4 COMPUTING FIL

Learning setting. We assume a linear model with param-
eters w ∈ Rd and minimize the regularized empirical risk:

w∗ = f(D)
def
= arg min

w

n∑

i=1

`(w>xi, yi) +
nλ

2
‖w‖22.

(13)
Furthermore, we assume that the loss `(w>xi, yi) is convex
and twice differentiable. We denote by f(D) the minimizer,
w∗, of equation 13 as a function of the dataset D. When
computing FIL at the example level, we let fi(x, y) be the
minimizer of equation 13 as a function of the i-th data point:

fi(x, y)
def
= arg min

w

∑

j 6=i

`(w>xj , yj)+`(w
>x, y)+

nλ

2
‖w‖22.

(14)

Output perturbation. The definition of FIL in equation 3
only applies to a randomized learning algorithm A with a
differentiable density function. To obtain such a random-
ized learning algorithm from the minimizer w∗ in equation

13, we adopt the Gaussian mechanism from differential pri-
vacy. A randomized algorithm A satisfies (ε, δ)-differential
privacy with respect to dataset D if:

p(A(D) = h) ≤ eεp(A(D′) = h) + δ (15)

for allD andD′ which differ by one example and all hypoth-
esis h ∈ H [Dwork et al., 2006]. The Gaussian mechanism
adds zero-mean isotropic Gaussian noise to the parameters
w∗. For a given ε and δ, the standard deviation σ can be
chosen such that the Gaussian mechanism satisfies (ε, δ)-
differential privacy [Dwork and Roth, 2014].

Fisher information loss. Let A(D) = f(D) + b be the
output-perturbed learning algorithm, where b ∼ N (0, σ2I).
The FIM of w′ ∼ A(D) is given by:

Iw′(D) =
1

σ2
J>f Jf , (16)

where Jf ∈ Rd×n(d+1) is the Jacobian of f(D) with re-
spect to D. The Jacobian Jf captures the sensitivity of the
minimizer w∗ with respect to the training datasetD. See Ap-
pendix A for a simplified derivation of equation 16 and Kay
[1993] for a more rigorous and general treatment. The FIL
of the Gaussian mechanism with scale σ is then:

η =
1

σ
‖Jf‖2. (17)

Jacobian of the minimizer. We aim to compute the Fisher
information loss of the Gaussian mechanism in equation 17
at the example level. This requires the Jacobian Jfi of
fi(x, y), equation 14, with respect to (x, y) evaluated at
(xi, yi). For a convex, twice-differentiable loss function
`(w>x, y), the Jacobian Jfi evaluated at (xi, yi) is given
by:

Jfi

∣∣∣∣
xi,yi

= −H−1w∗∇x,y∇w`(w
∗>xi, yi). (18)

The Hessian is computed over the full dataset Hw∗ =∑n
i=1∇2

w`(w
∗>xi, yi) + nλI . The term ∇x,y∇w` =

[∇x∇w`,∇y∇w`] ∈ Rd×(d+1) is the Jacobian of ∇w`
with respect to (x, y) with entries given by:

(∇x∇w`)ij =
∂(∇w`)i
∂xj

and (∇y∇w`)i =
∂(∇w`)i
∂y

.

(19)
A derivation is given in Appendix B.

4.1 MODEL-SPECIFIC DERIVATIONS

Linear regression. In linear regression, the loss function is:

`(w>x, y) =
1

2

(
w>x− y

)2
. (20)



 Let X = [x1, . . . ,xn]> be the design matrix and y =
[y1, . . . , yn]> be the vector of labels. The gradient of ` with
respect to w is:

∇w`(w
>x, y) = (w>x− y)x, (21)

Taking Jacobian of equation 21 with respect to (x, y) gives:

∇x∇w` = xw> +
(
w>x− y

)
I, and ∇y∇w` = −x.

(22)
Using Hw∗ = X>X + nλI , we can then combine the
above with equation 18 to obtain the partial Jacobians Jfi,x
and Jfi,y . Finally, using equation 17, the FIL ηi for example
(xi, yi) with the Gaussian mechanism is ηi = 1

σ‖Jfi‖2
where Jfi = [Jfi,x, Jfi,y].

Logistic regression. The binary logistic regression loss is:

`(w>x, y) = −y log s(w>x)− (1− y) log(1− s(w>x))
(23)

where y ∈ {0, 1} and s(a) = 1/(1 + exp(−a)). The gradi-
ent of the loss with respect to w is:

∇w`(w
>x, y) = (s(w>x)− y)x, (24)

and the Hessian is:

∇2
w`(w

>x, y) = s(w>x)(1− s(w>x))xx>. (25)

The partial Jacobians of the gradient in equation 24 with
respect to (x, y) are:

∇x∇w` = s(w>x)(1− s(w>x))xw> + (s(w>x)− y)I,
(26)

and

∇y∇w` = −x. (27)

We can combine the partial Jacobians with the Hessian in
equation 25 to form the full Jacobian Jfi in equation 18.

Computational considerations. Computing the FIM for
a given example (xi, yi) requires computing the Jacobian
Jfi in equation 18. For both linear and logistic regression,
computing the inverse Hessian, H−1w∗ requires O(d2n) op-
erations, assuming n ≥ d. Since the Hessian is the same for
all examples in D, the cost may be amortized over n eval-
uations of per-example FIL. Constructing the per-example
FIM requires O(d3) operations, and the largest singular
value can computed efficiently by the power method. In
the more general case, with z ∈ Rm computing Iw′(z)
requires O(dm2) operations, which is quadratic in the size
of z. If z is the full dataset, for example, thenm = (d+1)n
which results in O(d3n2) operations to compute the FIM.

Algorithm 1 Iteratively reweighted Fisher information loss.

1: Input: Data set D, loss function `(·), number of itera-
tions T , and noise scale σ.

2: Initialize sample weights ω0
i ← 1.

3: for t← 1 to T do
4: w∗ ← arg minw

∑n
i=1 ω

t−1
i `(w>xi, yi) +

nλ
2 ‖w‖22.

5: w′ ← w∗ + b where b ∼ N (0, σ2I).
6: ηi ← (‖Iw′(xi, yi)‖2)

1/2.

7: ωti ←
nωt−1

i /ηi∑n
i=1 ω

t−1
i /ηi

.
8: end for
9: Return: The private weights w′.

5 ITERATIVELY REWEIGHTED FIL

Prior work has shown that existing privacy mechanisms fail
to provide equitable protection against privacy attacks for
different subgroups [Yaghini et al., 2019]. We address this
issue with iteratively reweighted Fisher information loss
(IRFIL; Algorithm 1), which yields a model with an equal
per-example FIL across all examples in D. This is done by
re-weighting the per-example surrogate loss `(w>xi, yi)
over repeated computations of the minimizer w∗.

After the first iteration in Algorithm 1, the weight for the
i-th example is inversely proportional to the initial ηi. At
successive iterations, the per-example weight ωti is multi-
plicatively updated by a value inversely proportional to the
current model’s FIL. The normalization on line 7 is pri-
marily for numerical stability, keeping the weights from
shrinking too rapidly. Without L2 regularization, the result-
ing ηi are invariant to the norm of the weights. With L2

regularization, the normalization helps to keep the ratio of
the primary objective to the regularization term constant.

If η1 = . . . = ηn = η are constant, then Algorithm 1 has
converged since the update on line 7 yields a fixed point:

ωti =
nωt−1i /η∑n
i=1 ω

t−1
i /η

=
nωt−1i∑n
i=1 ω

t−1
i

=
nωt−1i

n
= ωt−1i ,

(28)
where the second-to-last equality follows since the ωt−1i

were normalized to sum to n at the previous iteration.

Including the weights in computing Iw′(xi, yi) via equa-
tion 18 is a straightforward application of the chain rule:

Jfi = −ωi (diag(ω1, . . . , ωn)Hw∗)
−1∇x,y∇w`. (29)

6 EXPERIMENTS

We perform experiments with linear and logistic re-
gression models on MNIST [LeCun and Cortes, 1998]
and CIFAR-10 [Krizhevsky, 2009]. For attribute in-
version attacks, we use the “IWPC" dataset from the
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Figure 2: Histograms of per-example η separated by class label for the MNIST and CIFAR-10 training sets for linear and
logistic regression. Each class label’s mean η is denoted by the dashed vertical line.
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Figure 3: The eight images with the smallest and largest η over the MNIST and CIFAR-10 training sets for linear and logistic
regression. The number above each individual image is the corresponding η.

Pharmacogenetics and Pharmacogenomics Knowl-
edge Base [Klein et al., 2009] and the “Adult" dataset
from the UC Irvine data repository [Dua and Graff,
2017]. Code to reproduce our results is available at
https://github.com/facebookresearch/
fisher_information_loss.

6.1 EXPERIMENTAL SETUP

Datasets. On MNIST we perform binary classification of
the digits 0 and 1 using a training dataset of 12,665 examples.
On CIFAR-10, we classify images of planes from cars using
a training dataset with 10,000 examples. We normalize all
inputs to lie in the unit ball, maxi ‖xi‖2 ≤ 1, and then
project each input using PCA onto the top twenty principal
components for the corresponding dataset.

The IWPC dataset requires estimating the stable dose of
warfarin (an oral anticoagulant) based on clinical and ge-

netic traits. We use the same preprocessed dataset as Yeom
et al. [2018]. Of the 4,819 examples, we randomly split 20%
into a test set and use the remaining 80% for the training set.
The UCI Adult dataset requires classifying individuals with
income above or below $50,000. We remove examples with
missing features, leaving 30,162 examples in the training
set and 15,060 in the test set. For the purpose of attribute
inference, the marital status features are combined into a
single category of married or unmarried and relationship
features are removed [Mehnaz et al., 2020]. For both IWPC
and UCI Adult, nominal features are converted to one-hot
vectors with the last value dropped to avoid perfect collinear-
ity in the encoding. Numerical features are centered to zero
mean and unit variance. We do not otherwise preprocess
the datasets, yielding a total of 14 features per example for
IWPC and 86 features per example for UCI Adult.

Hyperparameters. Unless otherwise stated, for linear re-
gression we do not apply L2 regularization. For logistic

https://github.com/facebookresearch/fisher_information_loss
https://github.com/facebookresearch/fisher_information_loss
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Figure 4: Scatter plots of the FIL η with (a) the loss, and (b)
the norm of the gradient on MNIST with linear regression
and 2,000 randomly selected examples.

regression, λ is set to the largest value such that the training
set accuracy is the same up to two significant digits as that
of linear regression. For linear regression, the targets are
yi ∈ {−1, 1}, and we compute the exact minimizer. For lo-
gistic regression, we use limited-memory BFGS to compute
the minimizer. We typically report η assuming a Gaussian
noise scale of σ = 1; hence η = ‖Jf‖2.

6.2 VALIDATING FISHER INFORMATION LOSS

Histograms of the per-example η for both MNIST and
CIFAR-10 are shown in figure 2, separated by output class
label. On MNIST the histograms have distinct modes. For
both linear and logistic regression, the mode at the larger
value is for the digit 0, implying that the model in gen-
eral contains more information about images of 0 than of
1. While the modes are not as distinct on CIFAR-10, the
class-specific means are still separate, with class label “car"
having a larger η in general.

Figure 3 shows the eight images with the largest and smallest
η in each of the four settings. The images with the smallest
η are consistent with the class means in table 1. For MNIST,
these correspond to the digit 1 written in a very typical
manner. For CIFAR-10, the smallest η images are small
planes on a blue-sky background. As expected, the images
with the largest η are much more idiosyncratic. Of the 100
largest η examples for logistic and linear regression, 24
overlap for MNIST and 34 overlap for CIFAR-10.

We compare η to alternative heuristics that could correlate to
the information a model contains about an example. Specifi-
cally, we measure the per-example loss `(w∗>xi, yi), and
the norm of the gradient ‖∇w∗`(w

∗>xi, yi)‖2. Figure 4
shows scatter plots of η against these alternatives. The FIL η
correlates with both metrics; however, high values of η exist
throughout the range of both alternatives. On the other hand,
a low η invariably implies a low loss. This shows that while
loss-based heuristics may enjoy high precision in assessing
privacy vulnerability, such heuristics should be used with
caution, since they could suffer from low recall.
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Figure 5: The standard deviation of the example-level η over
iterations of the IRFIL algorithm.

Table 1: The mean η̄ (± standard deviation) of the example-
level η and test accuracy before and after IRFIL.

MNIST CIFAR-10
Model η̄ Accuracy η̄ Accuracy

Linear 0.040 ± 0.014 100 0.26 ± 0.08 79.8
+IRFIL 0.047 ± 0.000 99.8 0.30 ± 0.00 80.7
Logistic 0.027 ± 0.012 99.8 0.32 ± 0.15 79.9
+IRFIL 0.024 ± 0.000 99.7 0.25 ± 0.00 79.1

6.3 REWEIGHTED FIL

We empirically evaluate the IRFIL algorithm in figure 5,
which plots the standard deviation of the per-example η
against the number of re-weighting iterations. The per-
example η converge to the same value after only a few
iterations for both linear and logistic regression on MNIST
and CIFAR-10. Table 1 shows the mean and standard devi-
ation of η, as well as the test accuracy for models trained
with and without IRFIL. Neither the average FIL η̄ nor the
test accuracy are especially sensitive to the IRFIL algorithm.
However, without IRFIL the standard deviation in η is signif-
icantly higher, implying that the initial information leakage
varies substantially across training examples. Overall, IR-
FIL achieves fairness in privacy loss with little change in
accuracy or average privacy loss.

6.4 ATTRIBUTE INFERENCE ATTACKS

We investigate how the success of attribute inference attacks
varies with different levels of Fisher information loss. To do
so, we use two attribute inversion attacks: 1) a white-box
attack based on the FIL threat model, and 2) a black-box
attack following the method described in Fredrikson et al.
[2014]. The goal of the adversary is to infer the value of a
nominal target attribute xtgt ∈ x for a given example.

White-box attack. The white-box setting assumes the ad-
versary has access to the complete training dataset D \ xtgt

i

for all but the target attribute of the example under attack.
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Figure 6: The effect of (a) the L2 regularization parameter λ on η for IWPC, and the effect of the mean η̄ varying λ on (b)
test MSE, (c) white-box accuracy, and (d) black-box accuracy. Standard deviations are computed over 100 trials.
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Figure 7: We show how the per-example attribute-level η converge over iterations of IRFIL for (a) IWPC and (c) UCI Adult.
The mean accuracy of the white-box attack over increasing η-deciles also converges to a similar value over iterations of
IRFIL for (b) IWPC and (d) UCI Adult. Standard deviations are computed over 100 trials.

The adversary also has access to the perturbed model pa-
rameters w′. We also assume the adversary has complete
knowledge of the model training details. Only the value of
xtgt
i for the example under attack is opaque to the adversary.

The adversary infers the hidden attribute of the i-th example
by estimating x̂tgt

i to minimize the distance of the derived
model from the given model w′:

x̂tgt
i = arg min

xtgt

∥∥w′ − f(D \ xtgt
i ∪ xtgt)

∥∥
2
, (30)

where f(·) yields the minimizer (equation 13).

Black-box attack. In the black-box setting the adversary
has access to the target example except the value of the
target attribute xi \ xtgt

i , the label yi, the prior distribution
p(xtgt), model predictions φ(w′,x) via black-box queries,
and model performance statistics π(φ(w′,x), y). For a
given model the attack infers the target attribute value by
maximizing:

x̂tgt
i = arg max

xtgt
p(xtgt)π(φ(w′,xi \ xtgt

i ∪ xtgt), yi). (31)

We compare both attacks to a simple baseline adversary
which infers the target attribute x̂tgt

i = arg maxxtgt p(xtgt).

For patients in IWPC, we infer the allele of the VKORC1
gene, which has three possible values. We use linear re-
gression with λ = 10−2. For the black-box adversary, the
performance metric π(φ(w′,x), y) = p(w′>x; y, s2) is a
Gaussian distribution with mean y and variance given by
the standard error s2 on the training set.

Result. Figure 6 shows the effect of L2 regularization and
the mean η̄ on the accuracy of the white-box and black-
box attacks. For larger λ, the MSE degrades at smaller η̄
(6b), suggesting more L2 regularization requires less noise
(smaller σ) to achieve the same η̄. The white-box (6c) and
black-box (6d) accuracies degrade as η decreases. However,
accross λ the white-box accuracy follows η̄ more closely
than the black-box accuracy (6d), which tends to track with
MSE. By choosing σ such that η̄ ≈ 10−3, we can protect
against both adversaries with little degradation in MSE.

We show the effect of IRFIL on the white-box attack using
both the IWPC and UCI Adult datasets. For UCI Adult, we
infer the binary marital status attribute. For both datasets,
we compute η specific to the attribute under attack for each
example and use σ = 10−3. Figure 7 shows that the η for
each example rapidly converge to the same value over itera-
tions of IRFIL. We sort the examples into deciles based on



 their initial η values. We then compute the average attribute
inversion accuracy for each decile at iterations of IRFIL.
For both datasets, the highest η decile is initially much more
susceptible to attribute inversion than the lowest η decile.
However, after only two iterations of IRFIL, the inversion
accuracies flatten substantially across η deciles, and after
ten iterations they are nearly constant. Hence, IRFIL can
equalize vulnerability to privacy attacks across individuals.

7 DISCUSSION AND FUTURE WORK

We demonstrated that Fisher information loss can be used to
assess the information leaked by a model about its training
data. A primary benefit of FIL over a priori guarantees like
differential privacy is the ability to measure information
leakage at various granularities with respect to the data at
hand. This also allows FIL to be used to construct models
with equi-distributed leakage, which can be done with itera-
tively reweighted FIL. Furthermore, FIL explicitly measures
the inferential power of an adversary, and we validated that
it correctly captures vulnerability to privacy attacks. As a
result, FIL can be used by practitioners to tailor the result-
ing privacy to the desired granularity and to the adversary’s
knowledge and capabilities.

We motivated the use of FIL via the Cramér-Rao bound and
delineated the corresponding threat model. However, the
assumption that the adversary is limited to unbiased estima-
tors may not hold in the presence of auxiliary information.
The implications of this should be further investigated. Fur-
thermore, unlike differential privacy, FIL does not implicitly
degrade with correlated data. This property of FIL should
also be further studied.

The IRFIL algorithm closely resembles iteratively
reweighted least squares (IRLS), which has been widely
studied for `p-norm regression [Green, 1984, Burrus et al.,
1994] and sparse recovery [Daubechies et al., 2010]. While
IRLS often converges rapidly in practice, the theoretical con-
vergence rates are difficult to derive and do not reflect the
empirical results [Ene and Vladu, 2019]. We also observed
rapid and robust convergence with the IRFIL algorithm
without any hyper-parameter tuning. Future work may help
understand the convergence of IRFIL from a theoretical
standpoint.

Finally, we considered FIL in the common setting of output-
perturbed generalized linear models with Gaussian noise.
However, many possible extensions exist in the randomiza-
tion used including alternative noise distributions such as
the Laplace distribution [Dwork et al., 2006], objective per-
turbation [Chaudhuri et al., 2011], or quantifying leakage
via predictions directly using, for example, the exponen-
tial mechanism [McSherry and Talwar, 2007]. Furthermore,
extending FIL to the setting of non-linear and non-convex
models will facilitate its utility and broader adoption.
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