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Abstract

We propose in this paper the supervised re-
stricted Boltzmann machine (SRBM), a unified
framework which combines the versatility of
RBM to simultaneously learn the data represen-
tation and to perform supervised learning (i.e., a
nonlinear classifier or a nonlinear regressor). Un-
like the current state-of-the-art classification for-
mulation proposed for RBM in (Larochelle et al.,
2012), our model is a hybrid probabilistic graph-
ical model consisting of a distinguished genera-
tive component for data representation and a dis-
criminative component for prediction. While the
work of (Larochelle et al., 2012) typically incurs
no extra difficulty in inference compared with
a standard RBM, our discriminative component,
modeled as a directed graphical model, renders
MCMC-based inference (e.g., Gibbs sampler)
very slow and unpractical for use. To this end, we
further develop scalable variational inference for
the proposed sRBM for both classification and
regression cases. Extensive experiments on real-
world datasets show that our sSRBM achieves bet-
ter predictive performance than baseline meth-
ods. At the same time, our proposed framework
yields learned representations which are more
discriminative, hence interpretable, than those of
its counterparts. Besides, our method is prob-
abilistic and capable of generating meaningful
data conditioning on specific classes — a topic
which is of current great interest in deep learn-
ing aiming at data generation.

1 INTRODUCTION

Restricted Boltzmann machine (RBM) is an important gen-
erative model that is capable of learning representations
from data. It has been successfully applied to diverse data
types including: images (Hinton and Salakhutdinov, 2006),

mixed low-level features of images (Nguyen et al., 2013c),
text (Salakhutdinov and Hinton, 2009a) and medical data
(Nguyen et al., 2013a). In these tasks, the RBMs can
serve as either fast feature extractors or building blocks
to provide a good parameter initialization for deep archi-
tectures (Hinton and Salakhutdinov, 2006; Salakhutdinov
and Hinton, 2009b). In both cases, one often uses a two-
stage pipeline framework that has the RBMs followed by
another supervised learning method (a classifier or a re-
gressor). The first stage is to train the RBMs using an un-
supervised learning algorithm with efficient MCMC-based
learning procedures (Hinton, 2002). Then the supervised
learning algorithm is built upon the representations or pa-
rameters learned by RBMs to further carry out a discrimi-
native training in the second stage.

These two-stage approaches, however, suffer from two key
drawbacks. First, they require to tune hyperparameters
for both models (RBM and the supervised model) which
is computationally expensive and time consuming. Sec-
ond, representations learned by RBM may effectively sup-
port generating the data, but there is no guarantee that they
would be useful for further fitting a supervised model, as
they have not seen any label during the unsupervised train-
ing. In other words, the models miss the opportunity to
use labeled data to ‘regularize’ the learned representations.
Thus separating the feature learning phase from the dis-
criminative training could be suboptimal.

Our solution is to construct a supervised restricted Boltz-
mann machine (SRBM) — a unified framework that lever-
ages the successful architecture of RBM to simultaneously
learn the data representation as a feature extractor and to
perform prediction as a nonlinear classifier or a nonlinear
regressor. The sSRBM uses a hidden layer to associate the
outcome with input data in order to model their joint distri-
bution. The resulting hybrid probabilistic graphical model
consists of two components: an RBM with undirected con-
nections of hidden and visible units, and a predictive model
with directed connections from hidden units to outcome
variable. The RBM component has generative capability
of representing data whilst the discriminative part enables



the model to perform prediction by itself. Combining gen-
erative and discriminative models allows one to leverage
the strength from each other. More precisely, the gener-
ative component plays a role as a regularization for dis-
criminative part, at the same time the discriminative part
utilizes label statistical information to drive the generative
one to learn more expressive representations. Besides, the
combined framework facilitates the model selection since
no additional hyperparameters from the separate predic-
tion module must be tuned. However, the introduction
of the discriminative component into the model makes in-
ferences become much more challenging where standard
Gibbs sampler could be very slow for practical use. To this
end, we further develop variational inference for the pro-
posed sRBM for both classification and regression.

In addition to predictive capacity, the SRBM offers a prin-
cipled way to generate data based on the specific labels
or classes, and to disentangle the data and labels via the
learned latent representations and embedding connection
matrix — a capability that is desirable in many cases, es-
pecially in natural language processing (Mikolov et al.,
2013). As a generative model, once our model has been
learned, we can select and fix the labels and then alterna-
tively sample hidden and visible variables using MCMC to
obtain the data corresponding to the labels. For disentan-
gling capability, recall that, in the standard RBM, each unit
in the hidden layer can act as a feature detector, and to-
gether, all the hidden units form a distributed, and discrete
representation of data (Nguyen et al., 2013b). In sRBM,
they are also linked to the labels via directed connections
parameterized by a weight matrix. Due to the explaining
away effect (Coates and Ng, 2011; Bengio et al., 2013),
these hidden units must compete with each other to explain
the labels. Thus, the learned representations and weight
matrix associating latent factors to the labels are driven to
discriminate the labels.

We quantitatively and qualitatively demonstrate the capac-
ity of our proposed model through comprehensive exper-
iments on three tasks — classification, regression and data
generation using three real-world datasets: handwritten
digits, newsgroup documents, and CT scan images. Our
primary target is to verify the predictive and generative ca-
pabilities of sSRBM, and the effectiveness of learned rep-
resentations and the embedding discovered by the model.
The experimental results show that our method achieves
better predictive performance than the baselines. At the
same time, its learned representations and embedding ma-
trices are more discriminative than those of the ClassRBM
and standard RBM, and the data generated by the proposed
model are meaningful and appropriate to respective classes.

In short, our contributions are: (i) a novel unified RBM-
based model that can acts as a complete supervised model,
thus there is no need to tune additional hyperparameters for
the separate predictor; (ii) the derivation of variational in-

ference for the proposed model for both classification and
regression cases; and (ii) a comprehensive evaluation of the
effectiveness of our method on three learning tasks of three
applications: image recognition, text classification and lo-
cation prediction for CT images.

2 RELATED WORK

We first describe the restricted Boltzmann machine (RBM)
for unsupervised learning representation. An RBM is a
bipartite undirected graphical model in which the bottom
layer contains observed variables called visible units and
the top layer consists of latent representational variables,
known as hidden units (Freund and Haussler, 1994). Two
layers are fully connected but there is no connection within
layers. The hidden units can capture the latent factors not
presented in the observations. As a matter of convention
in the literature of RBM, we shall use the term “unit” and
“random variable” interchangeably.

More formally, assume a binary RBM with N visible units
and K hidden units, let v denote the set of visible variables:
v = [v1,va,....,vx] € {0,1}" and h indicate the set of
hidden ones: h = [hy,hy,...,hg]" € {0,1}*. The RBM
assigns an energy function for a joint configuration over the
state (v, h) as:

E(v,hy)=—(a'v+b'h+v Wh) (1)

where v = {a,b, W} is the set of parameters. a =
[an]y € RN, b = [bg]i € R¥ are the biases of hidden and
visible units respectively; and W = [wy;]y, g € RV*K
represents the weights connecting the hidden and visible
units. The model admits a Boltzmann distribution (also
known as Gibbs distribution) as follows:

p(v,hjy) =exp{-E(v,h;jy) —A(Y)} ()

where A (1)) is the log-partition function. Since the net-
work has no intra-layer connections, units in one layer be-
come conditionally independent given the other layer. Thus
the conditional distributions over visible and hidden units
are factorized as:

p|viv) =T ple|v) )

pv ) =TT plvalh) @

There have been recent approaches that attempt to incorpo-
rate label information into the standard RBM (McCallum et
al., 2006; Schmabh et al., 2009; Li et al., 2015). The main
differences from our method are: (i) such methods still re-
quire separate classifiers, and (ii) without sharing param-
eters, they fail to directly capture the latent similarity be-
tween classes. Our idea is to focus on the self-contained
framework for prediction, which does not need to rely on



an additional supervised algorithm. The model introduced
in (Yang et al., 2007) and the current state-of-the-art clas-
sification formulation proposed for RBM (ClassRBM) in
(Larochelle et al., 2012) are closely related to ours, that
couple the label to input features of RBMs. These mod-
els, however, only support classification whilst our model
can perform both classification and regression. Moreover,
in these models, the label is considered an additionally ob-
served variable that links to hidden units using undirected
connections. On the other hand, our proposed model uses
directed connections to construct a discriminative modeling
of the label given hidden layer (cf. Fig. 1b). This structure
enhances the discriminative latent representations and pre-
dictive performance, allowing for better prediction results.

More specifically, our proposed model differs substantially
from the ClassRBM from three crucial points: model repre-
sentation, inference scheme and model expressiveness. For
model representation and inference, although one might
construct the moral graph of our hybrid model, resulting in
a similar undirected graphical model (as shown in Fig. 1c),
they are technically different since one cannot convert an
undirected form of the ClassRBM to our model. As a con-
sequence, the ClassRBM can still be viewed as a standard
RBM with some nodes being designated as label variables,
hence can still be learned with standard techniques for
RBM. Whereas, our directed link has resulted in a technical
challenge during the inference process, hence our contribu-
tion in the variational inference techniques.

Furthermore, from the conceptual point of view, after being
moralized, in both our SRBM and ClassRBM, the data fea-
tures and label interact indirectly through the hidden layer,
thus this layer would play an important role in capturing
the relationship between features and label. The difference
is that our proposed model now contains the connections
among hidden units, which enables hidden units to cap-
ture more complex structures than those of the ClassRBM
where these connections are not modeled. This view has
indeed been considered in semi-restricted Boltzmann ma-
chines (Salakhutdinov, 2009), a wider class of RBMs.

In terms of model expressiveness, our sSRBM implicitly
models the correlations among hidden units, thus it pro-
vides flexible capacity to capture a wider class of distribu-
tions as discussed in (Salakhutdinov, 2009). In particular, it
can model nonlinear interactions between label and hidden
units (cf. Eq. (7)), whilst all interactions in the ClassRBM
are linear. Another advantage is that our model, when us-
ing the first-order Taylor series, offers more freedom to
choose the conditional distribution p (y | h) due to appeal-
ing approximation in Eq. (11). This is a promising fea-
ture and opens room for further extensions of our approach
to cover broader ranges of applications such as multi-task
and multi-modal learning (Srivastava and Salakhutdinov,
2012), as well as incorporating different discriminative ar-
chitectures such as Lasso (Tibshirani, 1996).

In the deep learning literature, the RBMs can be in-
terpreted as stochastic neural networks, pretrained and
then stacked layer-by-layer as a building block for deep
architectures such as deep belief nets (DBNs) (Hinton
and Salakhutdinov, 2006) and deep Boltzmann machines
(DBMs) (Salakhutdinov and Hinton, 2009b). These deep
models, however, are either trained not completely as gen-
erative models (e.g., DBNs are often fine-tuned as a stan-
dard feedforward neural nets after pretraining), and known
to be extremely difficult to train (e.g., training DBMs
requires a very careful weights initialization procedure,
i.e., layer-by-layer pretraining followed by weights halving
trick). By contrast, our SRBM still enjoys its versatility on
efficient learning and inference of standard RBMs where
the effective learning algorithm can be used.

Lastly, while we do not claim our main contribution in data
generation, we would like to point out its connection to re-
cent important and active research direction in constructing
data generators epitomized by two current state-of-the-art
density-based approaches, namely the variational autoen-
coder (VAE) (Kingma and Welling, 2014) and generative
adversarial nets (GAN) (Goodfellow et al., 2014). While
these methods are still unsupervised, our SRBM provides a
conditional probabilistic generator where data can be gen-
erated based on specific labels or classes.

3 PROPOSED SUPERVISED RBMs

We now present our main contribution — the supervised
RBM (sRBM) that adds to the standard RBM an outcome
variable y associated with each data point. This variable is
generated from the hidden units via directed connections.
The model now consists of two components: an RBM with
undirected connections of joint distribution p (v,h) that
has generative capability of representing data, and a predic-
tive model with directed connections of conditional distri-
bution p (y | h) that allows the model to perform prediction
on its own right. These components form a hybrid proba-
bilistic graphical model of sSRBM as illustrated in Fig. 1b.

3.1 MODEL REPRESENTATION

More formally, the target variable represents the target label
y € {1,2,...C} in classification problems or the response
value y € R in regression tasks. Without loss of generality,
the outcome follows a conditional distribution of exponen-
tial family that has the probability density as below:

Py |h:0) =t(y)exp {876 (y,n) ~B(O.0)} (5

wherein 6 denotes the natural or canonical parameters;
¢ (v, h) refers to sufficient statistics; and B (6, h) is the
log-partition or cumulant function. The function ¢ (y) is
independent of the parameter 8. The function B (6, h) en-
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Figure 1: Graphical illustrations of (a) ClassRBM, (b)

sRBM, and (c) the moralization form of SRBM. The shaded
nodes represents observed variables.

sures p (y | h; 6) is a proper density, thus:
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Our aim is to jointly model the data and the outcome in
order to learn alternative data representations that simulta-
neously explain the data and predict the outcome for future
unlabeled data. Multiplicatively combining two probability
densities in Eq. (5) and Eq. (2), we obtain the joint distri-
bution of SRBM that is also an exponential family distribu-
tion: p (v, h,y;4,0) =p(y [ h;0)p(v,h;y) =

elogt)+07 d(y,h)=BO.M)-E(vh)=AW)  (7)

3.2 INFERENCE

As in any other graphical models, inference is a key task in
sRBM. Suppose that the model parameters have been fully
specified, there are various inference tasks to be performed
in a SRBM. What we present next are the most typical ones:
expectation over hidden posterior and prediction.

3.2.1 Expectation over Hidden Posterior

Our aim is to compute the expectation over the hidden pos-
terior: £, |v,y), Which requires a sum over an exponential
space of hidden units. Due to the explaining away effect,
the hidden units become conditionally dependent given the
response y. Therefore the conditional distributions over
hidden units are no longer factorized as in Eq. (3) of the
standard RBM, resulting in an intractable inference. To
overcome this shortcoming, we must resort to approxima-
tion methods. In what follows we propose two approxima-
tion approaches: Gibbs sampling and variational inference.

Gibbs sampling. Let h_j denote the state of all hidden
units except the k-th one. The conditional distribution of a
single hidden unit is:

p(hy | hog,v,y) xp(hy,hog | v,y) xp(y | h)p(hy | v)

Thus sampling from the posterior distribution of hj, can be
performed using:

phy =1|hy,v,y) xp(y|hx =1L hy)p(hxy =1|v)
p(hy =0|h,v,y) xp(y | hx =0,h-p)p(hxy =0|v)

in which the state of a hidden unit being active or inactive
given the visible units is:

p(hy =0|v)=sig(—by —vw.p) 9)

where sig () = 1/14+e7" is logistic sigmoid function. We
refer to supplementary material for full derivations.

Variational inference. When performing inference in
large models or on moderately-sized datasets, the Gibbs
sampler can become extremely slow as it must sequentially
iterate over every single hidden unit. We hereby choose a
faster method — variational inference.

In variational methods (Jordan et al., 1998), the true pos-
terior distribution p (h | v,y) is approximated by a varia-
tional distribution ¢ (h; p) with g = [pq, po, ...,/MLK]T is
the vector of variational parameters. These parameters are
learned in order to maximize the following evidence lower

bound (ELBO):

L(¥,0,p) = Eym) [logp (v, h,y)] — Egn) [log g (h)]
= Eym) [67¢ (v.h) ~ B(6,h) - B (v.hiv)|
+logt (y) — Eqen) [log g (h)] — A (9))

Using a naive mean-field approximation, we choose a vari-
ational distribution that is fully factorized into K Bernoulli
distributions as: ¢ (h;u) = Hle q (hg; px) in which
1 denotes the probability ¢ (hy =1). The ELBO now
reads (c.f. supplementary material for the full derivation):

L(,0,p)=

Zle O [kd (v, he = 1) + (1 — pg) ¢ (v, hy = 0)]

By BOW]+ g (bt 3 v
SR (X v ) +logt () = A W)

- Zj:l 1k Jog pur + (1 — puye) log (1 — pu )] (10)

As the model parameters 1,0 are fixed, three terms
K (25:1 anvn), logt (y) and A (¢) are constant. Thus

we can ignore them in this maximization process. Only
the log-partition function B (6, h) cannot be decomposed
into individual functions of each hidden unit, rendering its
expectation intractable. We approximate this expectation
using two strategies: the first-order and the second-order



Taylor series approximations. The first-order approxima-
tion evaluated at the first moment p = E ) [h] reads:

Eqti [B (6, 0)] ~ Eqquy [B (6, ) + (h = )T Va3 (6,h)]
= B(0,1) + Eqmy [h — p] " VB (6,h) = B(0,) (11)

wherein Vi, B (0, h) denotes the derivative w.r.t h and then
evaluated at h = p, thus it is independent with ¢ (h) and
can be taken out from the expectation in the second step.
Note that we have used E, ) [h — p]" = 0in the last step.
The result offers an interesting property that the expecta-
tion can be approximated by the function itself, evaluated
at the mean. This allows us more freedom to choose the
conditional distribution p (y | h).

Assuming that B (0, h) is a twice differentiable function of
h, the second-order approximation evaluated at g is:

Eqm) [B(0,h)]

~ B (0.) + By |5 (- ) HIBO.0] (0~ )

w L
= B(6,u) + 3 Z ZHij]Eq(h) [(hy — ) (hy — p5)]

i=1 j=1
1 K
=B(0,p) + EgHmui(l — i) (12)

where H;; £ 0y,0n,B (0, 1) denotes the second-order
derivative of B (6, h) evaluated at h = p, thus H;; is con-
stant w.r.t h and can be taken out from the expectation as in
step (a). We refer to supplementary material for full deriva-
tions.

Substituting Eq. (11) into the ELBO in Eq. (10), and then
taking the derivative with respect to (w.r.t) variational pa-
rameter, we obtain: V,,, £ =

N
0k [¢ (Ya hk = 1) - ¢> (Y7hk = 0)] + bk + Zn:l VnWnk
— V. Eqm) [B(0,h)] — [log g —log (1 — px)]  (13)

Since there is no closed-form solution to compute pj by
setting the gradient to zero, we update the variational pa-
rameters by iterating at the following fixed point:

pir <= sig(0k [6 (v, he = 1) — ¢ (v, hg = 0)]
+bi + ZL VaWnk = Vi, Eqm) [B (6, h)]) (14)

3.2.2 Prediction

The next goal is to predict the outcome given the input data:
p(y | v). This conditional probability density can be de-
rived as follows:

p(y|v)= th(y [h)p(h|v)=Eymy lp(y|h)]

As can be seen from the graphical model of sSRBM, the
hidden units are conditionally independent given observed
visible units and unobserved outcome variables. Thus the
model realizes the hidden factorization (see Eq. (3)) as in
the standard RBM. Furthermore, according to Eq. (8) and
Eq. (9), the probability of being active of each hidden unit
also follows a Bernoulli distribution. Hence, the distribu-
tion p (h | v) plays the same role as the one of variational
distribution ¢ (h) in Section 3.2.1. This allows us to use the
similar approximation approach as the first-order approxi-
mation in Eq. (11), that is:

Py |V)=Epnw [ h)]=p(y|n

in which py is the mean of distribution ¢ (hy;ux) =~
p(hy | v).

Interestingly, the predictive inference is reminiscent of the
forward pass of an ordinary feedforward neural network. In
particular, it could be implemented by a single layer neural
network with sigmoid hidden units and softmax (for clas-
sification) or identity (for regression) output neurons. This
also suggests an approach to pretrain deep models that con-
tain the SRBM as the top layer of a building block of RBMs.

3.3 PARAMETER ESTIMATION

In this section we present how to estimate the parameters
of sSRBM from training data. Following the learning in the
standard RBM, the sRBM also aims to maximize the log-
likelihood of data: logp (v,y) = log)_, p(v,h,y), but
the data now include the features and outcome instead of
the features only. The parameters are then updated in a
gradient ascent fashion as (cf. supplementary material for
more details):

Y+ (E; [VyE (v,h)] - E, [VyE (v, h)]) (15)
0 0+1(E;[@(y,h)] —E;[VeB(6,h))) (16)

for a learning rate n > 0. p (h |v,y) denotes the data dis-
tribution, and p (v, h) the model distribution of RBM part
in SRBM. It is intractable to compute both two expecta-
tions exactly as it requires the sum over exponential space.
We choose a stochastic method known as contrastive diver-
gence (CD) (Hinton, 2002) which runs short Markov chains
started from the data to approximate the model expectation.

For the data expectation, we use the approximation vari-
ational inference of E,n|v,y) as described in Section 3.2.
The mean-field update rule in Eq. (14) depends on the
forms of sufficient statistics ¢ (y, h) and log-partition func-
tion B (6, h). For multiclass classification, the parameter 6
is a K x C matrix, and the probability density p (v | h; 6, 3)
in Eq. (5) is given by:

exp {01+ 8, —log > exp (61h+5.)}



in which 6., is the ¢-th column, and we have further intro-
duced the bias S, for the c-th class, hence:

0'¢(y,h) 20 h+p,
c T
B(0,h) =log > exp(8Lh+5.)

The update rule in Eq. (14) when using the first-order ap-
proximation in Eq. (11) now reads:

N o] u+ﬁc)
. Zc gkce( ¢
pk < sig | Ory + bi + E Vo Wnk — ee,Tlu-H?z

n=1 !

The derivation for the second-order in Eq. (12) is more
complicated, thus we refer to the supplementary material.

For regression problem, the parameter 6 is a K-
dimensional vector, and the outcome variable follows the
following Gaussian distribution: p (y | h; 8, 8) =

[_1 2+0Th+ﬁy_ (6"h+p)’ —log0:|

1
——=exp

V2r

with the standard deviation o and bias £, thus:

202 Y o2 202

07 (v,h) 2 —y?/ (20%) +y (0T + ) Jo?
2
B(6,h) = (oTh + /3) / (202) +log o

Fixing 0 = 1, the update rule in Eq. (14) when using the
first-order approximation in Eq. (11) now reads:

N

Ly 4 sig |:(9ky + by + Z Vo Wik — Ok (BTN + ﬁ):|
n=1

, and using the second-order approximation in Eq. (12) is:

N
Mk < Slg[ek}’ + bk + Zn:l VnWnk

— 0y, (9TN + B) - %913 (1= 2p)]

We refer to the supplementary material' for the pseudo-
code of learning parameters for SRBM using CD-1. Once
the model is fully specified, the new representation of an
input data can be achieved by computing the posterior

vector h = (ﬁl,ﬁg, ...,BK), where flk is shorthand for

hy = p(hy = 1| v)inEq. (8).

4 EXPERIMENTS

In this section, we examine the predictive and generative
capabilities of SRBM, and the effectiveness of discrimina-
tive representations and semantically related features dis-
covered by the proposed model on three tasks — classifica-
tion, regression and data generation. For classification, we

"https://tund.github.io/papers/tu_etal_uail7_srbm_supp.pdf

use identical experimental setups to those of (Larochelle et
al., 2012) in order to directly compare our method with the
current state-of-the-art — ClassRBM — and other baselines.
Here we consider the ClassRBM with generative training
objective since it is the most relevant approach to our model
that is also learned in a generative fashion. We also would
like to note that we do not compare with deep neural nets
because our focus is on generative models.

Datasets. We use three datasets: MNIST?, 20 Newsgroups
(Mitchell, 1997) and CT slices obtained from UCI reposi-
tory>. After ordinal preprocessing steps (e.g., normalizing,
rescaling), they are not exactly binary data. Following the
previous work (Hinton and Salakhutdinov, 2006), we treat
their feature values as empirical probabilities on which the
RBM-based models are naturally applied. Since the em-
pirical expectations E; [.] in Eq. (15) and Eq. (16) require
the probability p (v), the normalized intensity is a good ap-
proximation.

Methods and baselines. We create two versions of
our approach: sRBM using the first-order approxi-
mation (SRBM-1st) and the second-order (sSRBM-2nd).
For classification performance comparison, we employ
5 baselines: ClassRBM with generative training strat-
egy (Larochelle et al., 2012), k-nearest neighbors (KNN,
where £ = 1, with cosine similarity measures) and
support vector machine (SVM) directly on the hidden
posteriors of SRBM (sRBM+kNN, sRBM+SVM), Class-
RBM (ClassRBM+kNN, ClassRBM+SVM) and RBM
(RBM+ANN, RBM+SVM). We obtain ClassRBM code*
that reproduces the results of (Larochelle et al., 2012). For
regression, we use: ridge regression (RR) — linear regres-
sion with /5-norm regularization, and RR on top of other
methods, similar to the setup for classification.

Hyperparameter settings. For RBM-based models, map-
ping parameters are randomly drawn from AN (0,0.01),
and biases are set to zeros. Learning is terminated af-
ter a number of epochs over training set, that was speci-
fied using early stopping based on the error of validation
set in every interval of 15 epochs. For a fair compari-
son, we empirically tune the learning rate of each model:
n € {0.1,0.05,0.01,0.005,0.001} using cross-validation
for the best result on validation part.

4.1 IMAGE AND TEXT CLASSIFICATION

In the first task, we replicate the experimental settings in
Sections 7.1 and 7.2 in (Larochelle et al., 2012). In partic-
ular, we use MNIST and the “bydate” version of 20 News-
groups datasets to validate the predictive performance of
our proposed model on image and text data. The MNIST
consists of 50, 000 training; 10, 000 validation; and 10, 000
testing 28 x 28 grayscale handwritten digit images whose

*http://yann.lecun.com/exdb/mnist/.
3https://archive.ics.uci.edu/ml/datasets.html.
*https://github.com/skaae/rbm_toolbox



pixel values are then normalized into the range [0, 1]. The
20 Newsgroups consists of 9,578 training; 1,691 valida-
tion; and 7, 505 testing documents. We first extract 5, 000
most frequent words based on their counts in the training
part, then use their appearances as binary bag-of-word fea-
tures for each document.

The number of hidden units is set to 6, 000 for MNIST and
to 1,000 for 20 Newsgroups. Once again, we note that
these numbers are identically set to those in (Larochelle
et al., 2012). The results for different numbers of hidden
units are provided in the supplementary material. Overall,
the larger hidden layers yield better classification results,
which is plausible since the hidden units need to capture
both data and labels. This finding is also consistent with
that of the ClassRBM.

Table 1 reports the classification errors on testing set for all
methods. For handwritten recognition, our proposed model
significantly outperforms all baselines, based on the fact
that on MNIST, differences of more than 0.1% are statisti-
cally significant. This result, to the best of our knowledge,
is the highest among those of standalone RBMs trained in a
generative fashion. For document classification, our model,
with 5-fold dimensionality reduction from 5, 000 words to
1,000 hidden units, also achieves the best result.

Table 1: Classification errors (%) on testing sets.

MNIST | 20 Newsgroups

RBM+ENN 3.03 56.15
RBM+SVM 1.76 41.79
ClassRBM+ENN 2.98 57.80
ClassRBM+SVM 1.68 40.88

ClassRBM 3.39 24.9

sSRBM+ENN 2.94 55.89
sRBM+SVM 1.42 38.43
sRBM-Ist 2.27 24.1
sRBM-2nd 221 23.2

Discriminative representations. One could question
that whether the discriminative representations learned by
sRBM would have more advantages. The first argument
is these representations, learned with guidance from la-
bels, could straightforwardly translate into better predic-
tive performance without the need for well-trained classi-
fiers. Looking at the classification errors of SRBM+ENN,
ClassRBM+kNN, and RBM+ANN in Table 1, we believe
that the learned representations of sSRBM would be more
naturally discriminative than those of other RBMs. The
results on MNIST are much better than those on 20 news-
groups because the MNIST is a clean, well-preprocessed
dataset, whilst 20 newsgroups is a more difficult text
dataset in higher dimensional space.

For further comparison, we quantitatively compute the
pairwise cosine similarities between 6,000-dimensional
hidden posteriors: c¢;; = cosine(h;,h;) of data points
(vi,y;) and (v;,y;). The similarity between a data sample

and the rest is: ¢ = /M [ZVj\y]-:yi Cij = DoVily;otys Cid

where M is the number of data points. The average similar-
ities over all samples of SRBM, ClassRBM, and RBM are
—0.02, —0.36, and —0.61, which demonstrates that our
proposed model has significantly higher power of disentan-
gling data from different classes. For quality demonstra-
tion, we project 5, 000 hidden posteriors of SRBM onto 2D
using t-SNE> (Van der Maaten and Hinton, 2008). Fig. 2
depicts the distribution of where class information is only
used for visual labeling. The separation is over satisfactory.

Figure 2: An illustration of 10 digit classes from 5,000
MNIST images. t-SNE projection performs on higher rep-
resentations of images mapped by sSRBM.

Topic modeling. The next aspect is whether the sSRBM
effectively models the topics, so that it can obtain better
classification performance. Here we examine the weight
connections between the hidden and output layers. This
offers a method to embed discrete topics (classes) in a con-
tinuous space using ., € RX | ie., the ¢-th column of
weight matrix 6. A topic is now represented by a vector
of K dimensions. This embedding is closely related to the
word embedding that has found numerous applications in
natural language processing (Mikolov et al., 2013).

To assess the correlation between topics, we compute
pairwise similarities between embedded vectors: s;; =
sig(O,TZ-O.j) and present them in Fig. 3. It can be seen that
the sSRBM effectively disentangles different topics, whilst
still retains a certain degree of similarity for semantically
related topics. More precisely, the bounding squares in the
figure indicate groups of topics such as computer (comp.*),
science (sci.*) and politics (talk.politics.*), or secondary
topics such as sports (rec.sports.*) and other recreational
activities (rec.autos and rec.motorcycles). Interestingly, the
model can also recognize the resemblance of some sepa-
rated groups (alt.atheism, soc.religion.christian and talk.*)
that are indeed semantically related.

Similar results are obtained by the ClassRBM as shown in

Note that the t-SNE does not perform clustering, it only
reduces the dimensionality into 2D for visualization while still
strives to preserve the local properties of the data.
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Figure 3: Similarities among weight vectors of the sSRBM
associated with 20 Newsgroups.

Fig. 3 in (Larochelle et al., 2012)). For quantitative com-
parison, we compute the correlation of a topic with the
rest as: 87 = 1/T-13 ., 8;;. The result is favorable to-
ward sSRBM with the average correlation over all topics of
0.314 that is lower than 0.399 of ClassRBM. This, once
again, demonstrates that our proposed method disentangles
different topics better. The gap is much smaller than that
of similarities between hidden posteriors, which can be re-
flected by the fact that the improvement in classification
performances on 20 Newsgroups is much less significant
than the one on MNIST dataset (cf. Table 1).

For document modeling task on 20 Newsgroups dataset,
we analyze how our proposed model captures words that
are coherent in a topic by examining the weight matrices 6
and W. The entry of column w .y, reflects the association
strength of a particular word to the latent factor &, and 6.
the strength of a latent factor to the topic c¢. We first spec-
ify top 100 hidden units with the largest weight for each
topic c, then aggregate (by summing) the associated word-
to-hidden weight vectors. This reveals the positive contri-
bution of the words to each newsgroup via the hidden layer.
Fig. 4 illustrates top 8 words per topic, in descending order
of their aggregated association strength, discovered by our
model. The chart shows that the words under each feature
are semantically related in a coherent way.

4.2 LABEL-DRIVEN DATA GENERATION

As a generative model, it is desirable that our proposed
method can generate meaningful data after training. In this
experiment, we analyze the capability of sSRBM in drawing
images and words in documents for specified handwritten
digit and news topics. To generate a data sample, we first
fix a label y, then randomly initialize h € [0,1]%. Next
we alternatively sample the data v ~ p(v | h) and the
hidden units h ~ p(h | v,y) using 100 separate Markov
chains, then collect data v at the 1000" sampling step.
For handwritten digits, we generate 10 images for each

Figure 4: Topics associated with top 8 words discovered
by sRBM from 20 Newsgroups dataset. The bar height
and color relatively represent the aggregated association
strength of a word. (Best viewed in colors and refer to the
supplementary material for larger plot).

digit. For news groups, we choose to generate documents
(bags of words) for three topics: rec.autos, sci.space and
comp.sys.mac.hardware. For each group, we generate 100
documents, and then select 50 most frequent words with
their frequencies.

Fig. 5 (left) and Fig. 6 show images of handwritten digits
and top words of three news topics generated by the SRBM.
In general, our model can draw correct images on each row
from top to bottom for each digit from 0 to 9, and generate
words that are semantically related in a coherent way for
each topic. In particular, it can capture factors of variation
from the data, i.e., digits are sampled with clearly different
styles. For reference, we further show the images gener-
ated by VAE in Fig. 5 (middle) and GAN in Fig. 5 (right).
Here we do not make any qualitative and quantitative com-
parison since we do not claim our main contribution in data
generation.

4.3 LOCATION PROGNOSIS FOR CT IMAGES

In the last application, the aim is to predict the relative loca-
tion for computed tomography (CT) slice. The dataset con-
sists of 53,500 CT images captured from 74 different pa-
tients (Graf et al., 2011). Two histograms in polar space are
extracted from each CT slice, forming a 385-dimensional
feature vector. The response variable is the relative loca-
tion of an image on the axial axis with the value in [0, 180],
and then is rescaled into [0, 1].

We divide the dataset into three disjoint parts: 80% for
training, 5% for validation and 15% for testing with 42800,
2675 and 8025 data samples respectively. The validation
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Figure 5: Handwritten digit images generated by sSRBM (left) for 10 classes (each row is generated conditionally on the
digit labels from 0 to 9), VAE (middle), and GAN (right). Images generated by VAE and GAN are taken from original
work — (Kingma and Welling, 2014) and (Salimans et al., 2016).
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Figure 6: Words generated by sRBM for (rec.autos,
sci.space, comp.sys.mac.hardware) news groups.

set is used for hyperparameter tuning step wherein the num-
ber of hidden units K is varied in {100, 200, 500, 1000}.
In general, we observe that the larger K improves the per-
formance of our method, thus we use K = 1,000. Note
that we normalize the responses to zero mean and unit vari-
ance before training the sSRBM. In testing phase, the sSRBM
maps the prediction values back into the original space.

We use root mean square error (RMSE) to measure the re-
gression results. Fig. 7 shows that our proposed sRBM-
Ist achieves a regression error that is 54%, 27%, and
12% better than those of ridge regression (RR), RBM+RR,
and sSRBM+RR respectively, and the second-order version
(sRBM-2nd) slightly outperforms the first-order (sSRBM-
1st). This, again, demonstrates that the unified learning of
sRBM results in more discriminative representations and
better prediction scores than two-stage framework of unsu-
pervised models followed by predictive models.

5 CONCLUSION

We have introduced a novel self-contained prediction
model — supervised restricted Boltzmann machine (sSRBM)
that leverages the powerful RBM to simultaneously learn
data representations and perform supervised learning. Dif-

0.0917
. 0.0580 -
0.0478 -
0.0417 0.0421 .
SRBM-2nd  SRBM-1st SRBM+RR  RBM+RR RR

Figure 7: Regression errors (%) on testing data of CT slice
dataset (lower is better).

ferent from the current state-of-the-art classification formu-
lation of RBM — ClassRBM (Larochelle et al., 2012), our
model is a hybrid probabilistic graphical model with a gen-
erative component for data representation and a discrimi-
native component for both classification and regression.

We have further developed variational inference for sSRBM
to tackle the challenging inference posed by the introduc-
tion of the discriminative component. We evaluated the ef-
fectiveness of our model using comprehensive experiments
on three real-world applications. The results confirm that
the integration of the discriminative component into RBM:
(1) significantly improves the classification performance of
the ClassRBM; (ii) renders more discriminative represen-
tations; (iii) generates meaningful data driven by classes;
and (iv) achieves better regression results.
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