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Abstract

We propose the Generalized Policy Elimina-
tion (GPE) algorithm, an oracle-efficient con-
textual bandit (CB) algorithm inspired by the
Policy Elimination algorithm of Dudik et al.
[2011]. We prove the first regret optimal-
ity guarantee theorem for an oracle-efficient!
and CB algorithm competing against a non-
parametric class with infinite VC-dimension.
Specifically, we show that GPE is regret-
optimal (up to logarithmic factors) for policy
classes with integrable entropy.

For classes with larger entropy, we show that
the core techniques used to analyze GPE can
be used to design an e-greedy algorithm with
regret bound matching that of the best algo-
rithms to date. We illustrate the applicability of
our algorithms and theorems with examples of
large nonparametric policy classes, for which
the relevant optimization oracles can be effi-
ciently implemented.

1 INTRODUCTION

In the contextual bandit (CB) feedback model, an agent
(the learner) sequentially observes a vector of covariates
(the context), chooses an action among finitely many op-
tions, then receives a reward associated to the context
and the chosen action. A CB algorithm is a procedure
carried out by the learner, whose goal is to maximize the

'So as to dispel any possible confusion early on, we mean a
CB algorithm is oracle-efficient if, over 7" rounds, the number
of calls to optimization oracles it makes is polynomial in 7',
rather than exponential in 7". This is in that sense that oracle-
efficiency in meant in articles such as Dudik et al. [2011], Agar-
wal et al. [2014], Dudik et al. [2017]. We are not claiming that
our proposed methods are efficient in the sense that they would
have a reasonable runtime in practice.
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reward collected over time. Known as policies, functions
that map any context to an action or to a distribution over
actions play a key role in the CB literature. In particular,
the performance of a CB algorithm is typically measured
by the gap between the collected reward and the reward
that would have been collected had the best policy in a
certain class II been exploited. This gap is the so-called
regret against policy class I1. The class II is called the
comparison class.

The CB framework applies naturally to settings such as
online recommender systems, mobile health and clinical
trials, to name a few. Although the regret is defined rel-
ative to a given policy class, the goal in most settings
is arguably to maximize the (expected cumulative) re-
ward in an absolute sense. It is thus desirable to com-
pete against large nonparametric policy classes, which
are more likely to contain a policy close to the best mea-
surable policy.

The complexity of a nonparametric class of functions can
be measured by its covering numbers. The e-covering
number N (¢, F, L,.(P)) of a class F is the number
of balls of radius ¢ > 0 in L.(P) norm (r > 1)
needed to cover F. The e-covering entropy is defined as
log N (e, F, L,.(P)). Upper bounds on the covering en-
tropy are well known for many classes of functions. For
instance, the e-covering entropy of a p-dimensional para-
metric class is O(plog(1/¢)) for all » > 1. In contrast,
the e-covering entropy of the class {f : [0,1]¢ — R :
Va,y, |feD (@) — fled(y)] < Mjje — ylLo)}of
d-variate Holder functions is O(e~%®) for r = oo
(hence all » > 1) [van der Vaart and Wellner, 1996,
Theorem 2.7.1]. Another popular measure of complex-
ity is the Vapnik-Chervonenkis (VC) dimension. Since
the e-covering entropy of a class of VC dimension V is
O(rV'log(1/e)) for all » > 1 [van der Vaart and Well-
ner, 1996, Theorem 2.6.7], the complexity of a class with
finite VC dimension is essentially the same as that of a

2| | is the integer part; f(™) is the rn-th derivative.
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Figure 1: Exponent in regret upper bound (up to logarith-
mic factors) as a function of the exponent in the (supre-
mum norm) covering entropy. FK is the theoretical upper
bound of Foster and Krishnamurthy [2018]. Full info is
the bound achieved by Empirical Risk Minimizers under
full information feedback.

parametric class.

We will consider classes II of policies with either a
polynomial or a logarithmic covering entropy, for which
log N (¢, 11, L,.(P)) is either O(e~?) for some p > 0 or
O(log(1/€)). The former are much bigger than the latter.

Efficient CB algorithms competing against classes of
functions with polynomial covering entropy have been
proposed [e.g. by Cesa-Bianchi et al., 2017, Foster and
Krishnamurthy, 2018]. However, these algorithm are not
regret-optimal in a minimax sense. In parallel, Dudik
et al. [2011], Agarwal et al. [2014] have proposed effi-
cient algorithms which are regret-optimal for finite pol-
icy classes, or for policy classes with finite VC dimen-
sion. Thus there seems to be a gap: as of today, no ef-
ficient algorithm has been proven to be regret-optimal
for comparison classes with polynomial entropy (or with
infinite VC dimension). In this article, we partially
bridge this gap. We provide the first efficient algorithm
to be regret-optimal (up to some logarithmic factors)
for comparison classes with integrable entropy (that is,
log N(¢,I1, L, (P)) = O(e~?) for p € (0, 1)). Our main
algorithm, that we name Generalized Policy Elimination
(GPE) algorithm, is derived from the Policy Elimination
algorithm of Dudik et al. [2011].

1.1 PREVIOUS WORK

Many contributions have been made to the area of non-
parametric contextual bandits. Among others, one way to
classify them is according to whether they rely on some

version of the exponential weights algorithm, on opti-
mization oracles, or on a discretization of the covariates
space.

Exponential weights-based algorithms. The expo-
nential weights algorithm has a long history in adver-
sarial online learning, dating back to the seminal arti-
cles of Vovk [1990] and Littlestone and Warmuth [1994].
The Exp3 algorithm of Auer et al. [2002b] is the first in-
stance of exponential weigthts for the adversarial multi-
armed bandit problem. The Exp4 algorithm of Auer et al.
[2002a] extends it to the contextual bandit setting. Infi-
nite policy classes can be handled by running a version
of the Exp4 algorithm on an e-cover of the policy class.
While the Exp4 algorithm enjoys optimal (in a minimax
sense) regret guarantees, it requires maintaining a set of
weights over all elements of the cover, and is thus in-
tractable for most nonparametric classes, because their
covering numbers typically grow exponentially in 1/e.
Cesa-Bianchi et al. [2017] proposed the first cover-based
efficient online learning algorithm. Their algorithm re-
lies on a hierarchical cover obtained by the celebrated
chaining device of Dudley [1967]. It achieves the mini-
max regret under the full information feedback model but
not under the bandit feedback model, although it yields
rate improvements over past works for large nonpara-
metric policy classes. Cesa-Bianchi et al. [2017]’s regret
bounds are expressed in terms of an entropy integral. An
alternative approach to nonparametric adversarial online
learning is that of Chatterji et al. [2019], who proposed
an efficient exponential-weights algorithm for a repro-
ducing kernel Hilbert-space (RKHS) comparison class.
They characterized the regret in terms of the eigen-decay
of the kernel. They obtained optimal regret if the kernel
has exponential eigen-decay.

Oracle efficient algorithms. The first oracle-based
CB algorithm is the epoch-greedy algorithm of Langford
and Zhang [2008]. Epoch-greedy allows to turn any su-
pervised learning algorithm into a CB algorithm, making
it practical and efficient (in terms of the number of calls
to a supervised classification subroutine). Its regret can
be characterized in a straighforward manner as a func-
tion of the sample complexity of the supervised learning
algorithm, but is suboptimal. Dudik et al. [2011] intro-
duced RandomizedUCB, the first regret-optimal efficient
CB algorithm. Agarwal et al. [2014] improved on their
work by requiring fewer calls to the oracle. [Foster et al.,
2018] pointed out that the aforementioned algorithms
rely on cost-sensitive classification oracles, which are
in general intractable (even though for some relatively
natural classes there exist efficient algorithms). Foster
et al. [2018] proposed regret-optimal, regression oracles-
based algorithms, motivated by the fact that regression



oracles can in general be implement efficiently. Another
way to make tractable these oracles is, in the case of cost-
sensitive classification oracles, to use surrogate losses, as
studied by Foster and Krishnamurthy [2018]. They gave
regret upper bounds (see Figure 1) and a nonconstructive
proof of the existence of an algorithm that achieves them.
They also proposed an epoch greedy-style algorithm that
achieves the best regret guarantees to date for entropy
log N (e, II) of order ¢ P for some p > 2. The caveat
of the surrogate loss-based approach is that guarantees
are either in terms of so-called margin-based regret, or
can be expressed in terms of the usual regret, but under
the so-called realizability assumption. We refer the in-
terested reader to Foster and Krishnamurthy [2018] for
further details.

Covariate space discretization-based algorithms. A
third way to design nonparametric CB algorithms con-
sists in discretizing the context space into bins and run-
ning multi-armed bandit algorithms in each bin. This ap-
proach was pioneered by Rigollet and Zeevi [2010] and
extended by Perchet and Rigollet [2013]. They take a
relatively different perspective from the previously men-
tioned works, in the sense that the comparison class is
defined in an implicit fashion: they assume that the ex-
pected reward of each action is a smooth (Holder) func-
tion of the context, and they compete against the policy
defined by the argmax over actions of the expected re-
ward. Their regret guarantees are optimal in a minimax
sense.

1.2 OUR CONTRIBUTIONS

Primary contribution. In this article, we introduce the
Generalized Policy Elimination algorithm, derived from
the Policy Elimination algorithm of Dudik et al. [2011].
GPE is an oracle-efficient algorithm, of which the regret
can be bounded in terms of the metric entropy of the pol-
icy class. In particular we show that if the entropy is in-
tegrable, then GPE has optimal regret, up to logarithmic
factors. The key enabler of our results is a new maximal
inequality for martingale processes (Theorem 5 in ap-
pendix C), inspired by [van de Geer, 2000, van Handel,
2011]. Although our regret upper bounds for GPE are
no longer optimal for policy classes with non-integrable
entropy, we show that we can use the same type of mar-
tingale process techniques to design an e-greedy type al-
gorithm that matches the current best upper bounds.

Comparison to previous work. Earlier works on
regret-optimal oracle-efficient algorithms [Dudik et al.,
2011, Agarwal et al., 2014, Foster et al., 2018, for in-
stance] have in common that the regret analysis holds for
a finite number of policies or for policy classes with finite

VC dimension. GPE is the first oracle-efficient algorithm
for which are proven regret optimality guarantees against
a truly nonparametric policy classes (that is, larger than
VC). We refer the reader to appendix A for additional
comparisons with previous articles.

Secondary contributions. In addition to the nonpara-
metric extension of policy elimination and analysis of -
greedy in terms of (bracketing) entropy’, we introduce
several ideas that, to the best of our knowledge, have not
appeared so far in the literature. In particular, we demon-
strate the possibility of doing what we call direct policy
optimization over a nonparametric policy class, that is of
directly finding a maximizer 7 of @ — V() over some
nonparametric IT where V() estimates the value V()
of policy 7. As far as we know, no example has been
given yet of a nonparametric class II for which 7 can
be efficiently computed, although some articles postu-
late the availability of 7 [Luedtke and Chambaz, 2019,
Athey and Wager, 2017]. Here, we exhibit several rich
classes for which direct policy optimization can be ef-
ficiently implemented. Another secondary contribution
is the first formal regret bounds for the e-greedy algo-
rithm, which follows from the same type of arguments as
in the analysis of GPE. We were relatively surprised to
see that unlike the epoch-greedy algorithm, the e-greedy
algorithm has not been formally analyzed yet, to the best
of our knowledge. This may be due to the fact that do-
ing so requires martingale process theory, which has only
recently started to receive attention in the CB literature.

1.3 SETTING

For each m > 1, denote [m] = {1,...,m}.

At time t > 1, the learner observes context W, € W =
[0,1]4, chooses an action A; € [K], K > 2, and re-
ceives the outcome/reward ¥; € {0,1}. We suppose
that the contexts are i.i.d. and the rewards are condi-
tionally independent given actions and contexts, with
fixed conditional distributions across time points. We
denote O; the triple (W;, A, Y:), and P the distribu-
tion* of the infinite sequence Oy, Os, ..., O, . ... More-
over, let O = (Wref Aref yref) be a random vari-
able such that W™f ~ Wy, Ayl ~ Unif([K]),
yref| Aref et ~ YA, W, We denote F} the filtra-
tion induced by Oy, ..., O;.

3We recall the definition of bracketing entropy further
down. Bracketing entropy in || - ||oc norm is dominated by the
more widely-known metric entropy in || - || norm, so that our
results can be read with the latter in mind without much loss of
generality.

4P is partly a fact of nature, through the marginal distribu-
tion of context and the conditional distributions of reward given
context and action, and the result of the learner’s decisions.



Generically denoted f or m, a policy is a mapping
from W x [K] to Ry such that, for all w € W,
ZGE[K] f(a,w) = 1. Thus, a policy can be viewed as
mapping a context to a distribution over actions. We say
the learner is carrying out policy 7 at time ¢ if, for all
a € K], w e W, Pl[As = a|lW; = w] = 7(a,w).
Owing to statistics terminology, we also call design the
policy carried out at a given time point. The value V()
of 7 writes as

V(m) = Ep | Y Ep[Y|A=a,Wlr(a|W)
a€[K]

For any two policies f and g, we denote

flaw) |

a€[K]

ey

We call V (g, f) the importance sampling (IS) ratio of f
and g. The IS ratio drives the variance of IS estimators
of V(f) had the data been collected under policy g.

2 GENERALIZED POLICY
ELIMINATION

Introduced by Dudik et al. [2011], the policy elimination
algorithm relies on the following key fact. Let g,or be
the uniform distribution over actions used as a reference
design/policy:

V(a,w) € [K] X W, gret(a,w) = KL

Proposition 1. Let 6 > 0. For all compact and convex
set F of policies, there exists a policy g € F such that

sup V(dgret + (1 —0)g, f) < 2K. 2)
feF

We refer to their article for a proof of this result. Propo-
sition 1 has an important consequence for exploration.
Suppose that at time ¢ we have a set of candidate poli-
cies Fy, and that the designs g, ..., g; satisfy (2) with
JF substituted for 7. We can then estimate the value of
candidate policies with error uniformly small over F;.
This in turn has an important implication for exploita-
tion: we can eliminate from F; all the policies that have
value below some well-chosen threshold, yielding a new
policy set F;41, and choose the next exploration policy
gr+1 in Fyy1. This reasoning suggested to Dudik et al.
[2011] their policy elimination algorithm: (1) initialize
the set of candidate policies to the entire policy class,
(2) choose an exploration policy that ensures small value

estimation error uniformly over candidate policies, (3) 4

eliminate low value policies, (4) repeat steps (2) and (3).
We present formally our version of the policy algorithm
as algorithm 1 below.

In this section, we show that under an entropy condition,
and if we have access to a certain optimization oracle,
our GPE algorithm is efficient and beats existing regret
upper bounds in some nonparametric settings. Our con-
tribution here is chiefly to extend the regret analysis of
Dudik et al. [2011] to classes of functions characterized
by their metric entropy in L., (P) norm. This requires
us to prove a new chaining-based maximal inequality for
martingale processes (Theorem 6 in appendix C). On the
computational side, our algorithm relies on having access
to slightly more powerful oracles than that of Dudik et al.
[2011]. We present them in subsection 2.2 and give sev-
eral examples where these oracles can be implemented
efficiently.

We now formally state our GPE algorithm. Consider a
policy class F. For any policy f, any o = (w,a,y) €
W x [K] x {0,1}, define the policy loss and its IS-
weighted counterpart

((f)(0) = fla,w)(1 —y),

o) = S g wya ),

the corresponding risk R(f) = E[¢(f)(O™")] =
Ep[t-(f)(O,)] and its empirical counterpart Ry (f) =
=3 () (On).

Algorithm 1 Generalized Policy Elimination

Inputs: policy class F, € > 0, sequences (d¢)¢>1,
(Tt)>1-
Initialize F; as F.
fort > 1do
Find g; € F; such that, for all f € F,

t—1

1 f(a[W7)
e~ <2K.(3)
t—1 7; (5tgref + (1 - 5t)gt)<a‘WT>
Define gt = 6tgref + (1 - 5t)§t-
Observe context Wi, sample action

Ay ~ gi(-|Wy), collect reward Y;.
Define F; 1 as

{feftzﬁt(f)g minﬁt(f)+xt}. 4)

fEF:

end for

2.1 REGRET ANALYSIS

Our regret analysis relies on the following assumption.



Assumption 1 (Entropy condition). There exist ¢ > 0,
p > 0 such that, for all e > 0, log N (e, F, Loo(P)) <
ce P,

Deﬁmng .7-"t+1 C ]-'t as (4), the policy elimination step,
consists in removing from F; all the policies that are
known to be suboptimal with high probability. The
threshold x; thus plays the role of the width of a uniform-
over-F; confidence interval. Set e > 0 arbitrarily.
We will show that the following choice of (0,),>1 and
(z+)r>1 ensures that the confidence intervals hold with
probability 1 — Ge, uniformly both in time and over the

successive F,’s: forall 7 > 1, 6, = 7~ (1/2A1/(2P)) and

vr(€)

c1 c2 + C5

Ty =z, (€) = vT(e){TéA;p NG

log (T(Tj 1)) + % (Cs +crlog (@)) }

— defined in appendix D, v,(¢) is a high probability
upper bound on sup;cx Varp(l-(f)(O7)[Fr—1).

It is constructed as follows. It can be shown
that the conditional variance of ¢.(f)(O;)
given F,._; is driven by the expected IS ratio

EP[Zae[K] f(a’ W)/g‘r(aa W)|FT—1]' Step 3 en-
sures that the empirical mean over past observations of
the IS ratio is no greater than 2K, uniformly over F,.
The gap (v, (€) — 2K) is a bound on the supremum over
F- of the deviation between empirical IS ratios and the
true IS ratios.

We now state our regret theorem for algorithm 1. Let
J* = argmin g, » be the optimal policy in F.

Theorem 1 (High probability regret bound for policy
elimination). Consider algorithm 1. Suppose that As-

sumption 1 is met. Then, with probability at least 1 — Te,
forallt > 1,

> W) -

< tlog( >+QZICT Z -
_Jo(vEtee)™) e

| o(t7 (oe)™?) i1

The proof of Theorem 1, presented in appendix D, hinges
on the three following facts.

1. Controlling the supremum w.r.t. f € F. of the em-
pirical estimate of the IS ratio (see (3) in the first
step of the loop in algorithm 1) allows to control the
supremum w.r.t. f of the true IS ratio V' (g,, f).

2. With the specification of (x;);>1 and (0;)¢>1
sketched above we can guarantee that, with prob-
ability atleast 1 — 3¢, f* € F; C ... C Fi.

3. If f* € F; then we can prove that, with probability
at least 1 — 5e, for all 7 € [¢],
R(gr) — R(f7) < 22+ (e).
This in turn yields a high probability bound on the
cumulative regret of algorithm 1.

2.2 AN EFFICIENT ALGORITHM FOR THE
EXPLORATION POLICY SEARCH STEP

We show that the exploration policy search step can be
performed in O(poly(t)) calls to two optimization ora-
cles that we define below. The explicit algorithm and
proof of the claim are presented in appendix F.

Definition 1 (Linearly Constrained Least-Squares Ora-
cle). We call Linearly Constrained Least-Squares Ora-
cle (LCLSO) over F a routine that, foranyt > 1, ¢ > 1,
vector w € REY, sequence of vectors Wy, ...,W; € W,
set of vectors uq,...,ug € RE, and scalars by, iy bgs
returns, if there exists one, a solution to

. _ 2 .
min (w(a,7) — f(a,W;))* subject to
a€[K]
TEt]
vm € [q], Z um(a,7)f(a, Wr) < b;.
a€[K]
TEt]

Definition 2 (Linearly Constrained Cost-Sensitive Clas-
sification Oracle). We call Linearly Constrained Cost-
Sensitive Classification Oracle (LCCSCO) over F a rou-
tine that, for anyt > 1, ¢ > 1, vector C € (R+)Kt, set
of vectors Wi, ...,W, € W, set of vectors uq,...,uq €
REY and set of scalars by, ...,b, € R returns, if there
exists one, a solution to

manC’aT

W) subject to

a€[K]
TElt]
¥m € lgl, > um(a,7)f(a, W) < b,.
a€[K]
TE[t]

The following theorem is our main result on the compu-
tational tractability of the policy search step.

Theorem 2 (Computational cost of exploration policy
search). For every t > 1, exploration policy search at
time t can be performed in O((Kt)?logt) calls to both
LCLSO and LCCSCO.



The proof of Theorem 2 builds upon the analysis of
Dudik et al. [2011]. Like them, we use the famed el-
lipsoid algorithm as the core component. The general
idea is as follows. We show that the exploration policy
search step (3) boils down to finding a point w € RX?
that belongs to a certain convex set I/, and to identifying
ag, € Fysuchthat >, (f(a,W;) —w(a,7))* < A
for a certain A > 0. In section F.1, we identify ¢/ and A.
In section F.2, we demonstrate how to find a point in &/
with the ellipsoid algorithm.

3 FINITE SAMPLE GUARANTEES
FOR ¢-GREEDY

In this section, we give regret guarantees for two vari-
ants of the e-greedy algorithm competing against a pol-
icy class characterized by bracketing entropy, denoted
thereon log N[}, and defined in the appendix®. Corre-
sponding to two choices of an input argument ¢, the two
variants of algorithm 2 differ in whether they optimize
w.r.t. the policy either an estimate of its value or an esti-
mate of its hinge loss-based risk.

We formalize this as follows. We consider a class Fy
of real-valued functions over V¥ and derive from it two
classes F14 and Fhinge defined as

Fld = {(a,w) = fo(w): f1,..., fx € Fo,
Yw e W, (fi(w), ..., fr(w)) € A(K)},(5)

where A(K) is the K-dimensional probability simplex,
and

Fhinge - {(a,’lU) = fo(w): f1,... fx € Fo,
Yw € W,ZGE[K]fa(w) - O}‘ ©)

Let ¢'¥ be the identity mapping and ¢""&¢ be the hinge
mapping © — max(0,1 + z), both over R. Following
exisiting terminology [Foster and Krishnamurthy, 2018,
for instance], an element of F is called a regressor. Each
regressor f is mapped to a policy 7 through a policy map-
ping, either 74 if f € F'4 or whinee jf f ¢ jhinge
where, for all (a, w) € [K] x W,

%Id(f)(aa w) = f(av w)7

ahinee( £)(q, w) = 1{a = argmax f(a’, w)}.

a’€[K]

For ¢ set either to ¢! or ¢""e¢, for any f : [K] x W —
R, for every o = (w, a,y) € W x [K] x {0,1} and each
7 > 1, define

2(f)(0) = ¢(f(a,w)(1 —y),

’It is known that log N(e, F, L-(P)) is smaller than
log Nyj(2¢, F, L (P)) forall € > 0.

¢ - gref(avw) _

£2(f) = O o)) (1~ )
the corresponding ¢-risk R?(f) = E[(¢(f)(O™!)] =
Ep[t?(f)(O,)] and its empirical counterpart Ri(f) =
t1 Zi:l 22(£)(O,). Finally, the risk of any policy
is defined as R(m) = R®(m) with ¢ = ¢' and the
hinge-risk of any regressor f € JF"i"&¢ is defined as
Rhinge(f) - R¢(f) with ¢ — (z)hinge'

We can now present the e-greedy algorithm.

Algorithm 2 e-greedy.
Input: convex surrogate ¢, regressor class JF, policy
mapping 7, sequence (J¢)¢>1.
Initialize 7y as gref
fort > 1do
Define policy as mixture between g,or and 74 _1:

Gt = OtGres + (1 — 04)Te—1

Observe context W, sample action A; ~
gt(-|W4), collect reward Y.

Compute optimal empirical regressor

- 14
fe= ar%en;in 7 ; 12()(05). (N

Compute optimal policy estimator 7y = 7(f).
end for

We consider two instantiations of the algorithm:
one corresponding to (¢'4, F14 71) and called di-
rect policy optimization, the other corresponding to
(ghinge Fhinge 7rhinge) and called hinge-risk optimiza-
tion.

Regret decomposition. Denote 7{; the optimal policy
in IT = 7(F) and 7* any® optimal measurable policy.
The key idea in the regret analysis of the e-greedy algo-
rithm is the following elementary decomposition (details
in appendix E): Y; — R(7*) =

Y — Ep[Yi|Fy_1] + 0¢(R(gref) — R(7))

reward noise

exploration cost
+ (1 =6) (R(7e—1) — R(7)) . (®)

exploitation cost

Control of the exploitation cost. In the direct policy
optimization case, we can give exploitation cost guaran-
tees under no assumption other than an entropy condition

There may exist more than one.



on F. In the hinge-risk optimization case, we need a so-
called realizability assumption. Denote RE, = {z €
RX . > ae[k] Ta = 0}

Assumption 2 (Hinge-realizability). Let

f* KR Rhinge (f)

arg min
FIK]xW—RE,

be the minimizer over all measurable regressors of the
hinge-risk. We say that a regressor class F "% satis-
fies the hinge-realizability assumption for the hinge-risk
lff* c ]:hinge.

Imported from the theory of classification calibration,
Assumption 2 allows us to bound the risk of a policy
R(7"n&e(f)) in terms of the hinge-risk of the regres-
sor f. The proof relies on the following result:

Lemma 1 (Hinge-calibration). Consider a regressor

class FMinee, Let
™ €  argmin

m [ K] XxW—A(K)

R(m)

be an optimal measurable policy. It holds that R(m*) =
R(7hvee(f*)) and, for all f € Fhinee,

R(%hinge(f)) _ R(?T*> < Rhinge(f) _ Rhinge(f*).

We refer the reader to Bartlett et al. [2006], Avila Pires
and Szepesvari [2016] for proofs, respectively when
K = 2 and when K > 2. Under Assumption 2,
Lemma 1 teaches us that we can bound the exploita-
tion cost in terms of the excess hinge-risk RPn&¢(f) —
min /¢ Fuinge RM8°(f7), a quantity that we can bound
by standard arguments from the theory of empirical risk
minimization. The fondamental building block of our
exploitation cost analysis is therefore the following finite
sample deviation bound for the empirical ¢-risk mini-
mizer.

Theorem 3 (¢-risk exponential deviation bound for the
e-greedy algorithm). Let ¢ and F be either ¢'¢ and F'¢
or ¢Pnee gnd Fhivee  Suppose that gy, ..., g is a se-
quence of policies such that, for all T € [t], g, is Fr_1-
measurable. Suppose that there exist B, > 0 such that

[0(f1(a, w)) = ¢(fa(a, w))| < B,

sup sup
f1,f2€F a€[K],weW

min g(A,, W,) > § a.s.
TE[t]
Define f3 = argmin . » R®(f), the F-specific optimal

regressor of the ¢-risk, and let ﬁ be the empirical ¢-risk
minimizer (7). Then, for all x > 0 and « € (0, B),

P|R%(f;) — R*(f5) > H; (8, B°K /5, B)

+ 160B+/ Kz /6t + 3B/0tx| < 2e™7,

with Hy(«, 6,v, B) = ac+ 160+/v/t

B
B
x/ \/Iog(lJrNH(e,]-',Lg(P))deJr3—log2.
/2 ot

As a direct corollary, we can express rates of conver-
gence for the ¢-risk in terms of the bracketing entropy
rate.

Corollary 1. Suppose that log(1+4 Npj(e, F, Lo(P))) =
O(e™P) for some p € (0,1). Then

RO(f,) - RO(f3) = Op ((61)" ().

Control of the regret. The cumulative reward noise
Eizl(YT — Ep[Y;|Fr_1]) can be bounded by the
Azuma-Hoeffding inequality. From (16) and Corol-
lary 1, §; controls the trade off between the exploration
and exploitation costs. We must therefore choose a d;
that minimizes the total of these two which, from the
above, scales as O(d; + (tét)f(%A%)). The optimal
choice is 9; t~(375+1). The following theorem for-
malizes the regret guarantees under the form of a high-
probability bound.

Theorem 4 (High probability regret bound for
e-greedy.). Suppose that the bracketing entropy of the
regressor class F satisfies log(1 + Njj(e, F, Lo(P)) =

O(e™P) for some p > 0. Set 6; = =GVt for all
t > 1. Suppose that
o cither ¢ = ¢'9, F is of the form F'4, 7@ = 719,
o or ¢ = PMN&° F is of the form FPinge 7 — whinge,
and F satisfies Assumption 2.

Then, with probability 1 — ¢,

t

D V(%) = Y;) < V/tlog(2/e)
T=1
+ 757 \/log (2t(t + 1) /e).
4 EXAMPLES OF POLICY CLASSES

4.1 A NONPARAMETRIC ADDITIVE MODEL

We say that a(e) = O(b(¢)) if there exists ¢ > 0 such
that a(e) = O(b(€) log®(1/€)). We present a policy class

that has entropy O(e~ 1), and over which the two opti-
mization oracles presented in Definitions 1 and 2 reduce



to linear programs. Let ([0, 1]) be the set of cadlag
functions and let the variation norm || - ||, be given, for
all h € D([0, 1]), by

m—1

hflo = sup sup Y |h(zis1) — h()]

>2T1,...,T X
Mm22T1,0Tm ;7

where the right-hand side supremum is over the subdivi-
sions of [0, 1], that is over {(z1,...,%m) : 0 < 27 <
. < xyy < 1} Set C, M > 0 then introduce

H ={h eD([0,1]) : |A]l, < M}
and the additive nonparametric additive model derived
from it by setting Fy =

d

{(a,w) = aahi(w) : [og| < Cohay € H}.
=1

Let F = F' derived from F; as in (5).
The following lemma formally bounds the entropy of the
policy class.
Lemma 2. There exists ¢ € (0,1) such that, for all
€ E (0, 60),

lOgNH(Q]:, H : ||oo) SKlogN[](Evfo, || : ||oo)

<Kecoe tlog(1/e).

for some co > 0 depending on (C,d, M).

We now state a result that shows that LCLSO and LCC-
SCO reduce to linear programs over F. We first need to
state a definition.

Definition 3 (Grid induced by a set of points). Consider
d subdivisions of [0, 1] of the form

O=wi1 Swip<...Swig =1,

0=wg1 <wi2<...<weq, =1

The rectangular grid induced by these d subdivisions
is the set of points (W1, W2 iy, -, Wi4i,) With i1 €
[q1], -y ta € [qa). We call a rectangular grid any rectan-
gular grid induced by some set of d subdivisions of [0, 1].

Consider a set of points wy, . . . ,wy, € [0,1]% A minimal
grid induced by wy, . .. w, is any rectangular grid that
contains wi, . .. w, and that is of minimal cardinality.
We denote by G(wy, . . . ,wy,) a minimal rectangular grid
induced by wy, . . . w, chosen arbitrarily.

Lemma 3. Let wy = 0,wy,...,w; € [0,1]% For all
1 €[d], let Hie = 7‘[1715(11107[, . ,wu) =

t t
{JJ'—> ZBTl{Z > wﬂl} D fr € R’Z|BT| < M}

7=0 =0

and ]-zo}t =

d
{(a,w) — Zaa,lha,l(wl) st € Bohay € Higl
=1

Let (Uq,r)ac(k),rey) be a vector in RXE. Let f* be a
solution to the following optimization problem (Pa):

S>> e fla,Wy)

Jmax
fe€Fo,t ac[K] 7=1
s.t. Ya € [K], Yw € G(w, - .., w), f(a,w) > Q9)
Yw € G(wo, ..., w), Z f(a,w) =1. (10)

a€[K]

Then, fis a solution to the following optimization prob-
lem (P1):

t
max S e fla, W)

ac[K] =1
s.t. Ya € [K],Yw € [0,1]%, f(a,w) >0, (11)

vw e [0,1]% > fla,w) =1 (12)

a€[K]

4.2 CADLAG POLICIES WITH BOUNDED
SECTIONAL VARIATION NORM

The class of d-variate cadlag functions with bounded
sectional variation norm is a nonparametric func-
tion class with bracketing entropy bounded by
O(e'log(1/€)?@=1), over which empirical risk
minimization takes the form of a LASSO problem. It has
received attention recently in the nonparametric statistics
literature [van der Laan, 2016, Fang et al., 2019, Bibaut
and van der Laan, 2019]. Empirical risk minimizers
over this class of functions have been termed Highly
Adaptive Lasso estimators by van der Laan [2016]. The
experimental study of Benkeser and van der Laan [2016]
suggests that Highly Adaptive Lasso estimators are
competitive against supervised learning algorithms such
as Gradient Boosting Machines and Random Forests.

Sectional variation norm. For a function f

[0,1]% — R, and a non-empty subset s of [d], we call
the s-section of f and denote f; the restriction of f to
{z €[0,1]? : Vi € s,z; = 0}. The sectional variation
norm (svn) is defined based on the notion of Vitali vari-
ation. Defining the notion of Vitali variation in full gen-
erality requires introducing additional concepts. We thus
relegate the full definition to appendix H, and present it
in a particular case. The Vitali variation of an m-times
continuously differentiable function g : [0,1]™ — R is



defined as

v = [
[0,1]™

For arbitrary real-valued cadlag functions g on [0, 1]™
(non necessarily m times continuously differentiable),
the Vitali variation V(™) (g) is defined in appendix H.
The svn of a function f : [0,1]? — R is defined as

_ 9"
83)1...

Oy,

£l = 1O+ > vy

0#£sC[d]

that is the sum of its absolute value at the origin and the
sum of the Vitali variation of its sections. Let ([0, 1]9)
be the class of cadlag functions with domain [0, 1]¢ and,
for some M > 0, let

Fo={feD(0, ") :[Ifll. <M}  (13)

be the class of cadlag functions with svn smaller than M.

Entropy bound. The following result is taken from
[Bibaut and van der Laan, 2019].

Lemma 4. Consider Fy defined in (13). Let P be a
probability distribution over [0,1]% such that || - | p2 <
coll - ||u,2, with p the Lebesgue measure and co > 0.
Then there exist c; > 0,¢9 € (0,1) such that, for all
e € (0, €0) and all distributions P over [0, 1]¢,

log N{j(€, Fo, L2(P)) < ey Me log(M/e)** 1.

Representation of ERM. We show that empirical risk
minimization (ERM) reduces to linear programming in
both our direct policy and hinge-risk optimization set-
tings.

Lemma 5 (Representation of the ERM in the direct
policy optimization setting). Consider a class of poli-
cies of the form F'4 (5) derived from Foy (13). Let
¢ = ¢""e. Suppose we have observed (Wi, A1,Y1),

., (W, A, YY) and let Wl, R W, be the elements of
G(Wl, ceey Wf)

9

Let (85 )ac|K),jcm) be a solution to

: A, =a}
ﬂénﬂ@lgm;l ;ﬂ{gf Ay
x Zﬁfl{Wr > Wj}}
j=1
s.t. Vi€ [m ZZﬂ“l{Wl>W}_1
a€[K] j=1
vl € [m],Va € [K], Y BI{W; > W;} >0,
j=1
Va € K], Y |85 < M.
j=1

(14)

Then f : (a,w) = 3°7%, B31{w > WJ} is a solution to
mingeris 4y 2(1)(05).

We present a similar result for the hinge-risk setting in
appendix H. It is relatively easy to prove with the same
techniques that ERM over F118¢ also reduces to linear
programming when F is an RKHS.

S CONCLUSION

We present the first efficient CB algorithm that is regret-
optimal against policy classes with polynomial entropy.
We acknowledge that our algorithm might not be practi-
cal. It inherits some of the caveats of PE: (1) the prob-
ability of the regret bound is a pre-specified parameter,
(2) if the algorithm eliminates the best policy, it never
recovers.

We conjecture that regret optimality could be proven for
classes with non-integrable entropy. The role of integra-
bility is purely technical and due to our proof techniques.
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A Additional comparisons with previous articles

Comparison with Chatterji et al. [2019]. Their regret-optimality claim holds only against RKHS classes for
which the kernel has exponential eigendecay These are small classes: the corresponding policy classes have entropy
log N (€) < Clog(1/¢)?, for some constant C' > 0, which is essentially a parametric complexity.

Comparison with the original Policy Elimination of Dudik. An essential difference is that the Policy Elimination
(PE) algorithm is not implementable, as it requires to optimize an expectation with respect to the true distribution
of contexts, which is unknown. In Dudik et al. [2011], the authors present the Policy Elimination algorithm primar-
ily so as to introduce their main ideas, and then propose a substantially more complex algorithm inspired by PE,
RandomizedUCB, which is actually implementable.

Our Generalized Policy Elimination algorithm replaces the step in PE that optimizes w.r.t. a true expectation with a
step that optimizes w.r.t. an empirical expectation, which makes it implementable. Our implementable version of PE
is an alternative to the rather complex RandomizedUCB. We however pay a price for this gained simplicity, as we
have to rely on more powerful optimization oracles (our linearly constrained version of cost sensitive classification
and least squares oracles).

One seemingly minor difference (but key to the regret analysis) is that our algorithm comes with different settings of
the uniform exploration rate, and of the empirical regret threshold that defines which policy to eliminate. In our work,
these are dependent on the entropy of the policy class.

B Notation

Setarbitrarily n > 1 and let ¢ be either ¢'¥ or $""#°. We denote by P, the empirical distribution n = 37" Dirac(O;).
For all measurable f : [K] x W — R, we let £2, (f) be the vector-valued random function (£2(f), ..., ¢2(f)) over

' n
[K] x W. In order to alleviate notation, we introduce the following empirical process theory-inspired notation. For

any fixed, measurable function f : [K] x W — R,

Pln(f) = 3" Bp [(D(O0)IF ]
i=1
Patin(f) = 5 S (N0,

(P = Pl = 37 (B [010001F ) - (0(00).

For a random measurable function f : [K] x W — R, we let Ply.,(f) = Pl1.,(f')|p=f, and Ppli (') =5,
(P = Po)lin(f')|yr=s-

C Maximal inequalities

C.1 The basic maximal inequality for IS-weighted martingale processes

Definition 4 (Bracketing entropy, van der Vaart and Wellner [1996]). Given two functions l,u : X — R, the bracket
[I,u] is the set of all functions f : X — R such that, for all x € X, l(z) < f(z) < u(x). The bracketing number
Npy(e, F, L (P)) is the number of brackets [l, u] such that ||l — u||p, < € needed to cover F.

The following proposition is a well-known result relating bracketing numbers and covering numbers [van der Vaart
and Wellner, 1996, for instance].

Proposition 2. For any probability distribution P, for all e > 0, N (¢, F, L, (P)) < Nyj(2¢, F, L,(P)) and N (¢, F, ||-
lloe) < Ny (26, F, [+ lloc)-

In the statement of Theorem 1, the high-probability regret bount for GPE, we used the covering numbers in uniform
norm. The previous lemma allows us to carry out the anal}/fis in terms of bracketing numbers in uniform norm.



Theorem 5 (Maximal inequality for IS-weighted martingale processes). Consider the setting of Section 3 in the main
text. Specifically, suppose that for all i > 1, A;|W; ~ g;(:|A;) where g; is F;_1-measurable. Let n > 1, and fo € F.
Suppose that

e there exists § > 0 such that, for every i € [n], g;(a,w) > §;

e there exists B > 0 such that sup ¢ 7 sup, weix)xw |9(f(a, w)) — ¢(fo(a, w))| < B;

e there exists v > 0 such that sup s r Vi ((f) — ¢(fo)) < v, where, for any pair (f, g) of functions [K] x W —
Ry, Vo(g) =n! Z§=1 V(gi, f) (the definition of V (g, f) is given in (1) in the main text).

Then, for all o € [0, B],

P ;ggMn(f) > H, (o, 6,0, B) + 160 % + 3% <277,
where
Mnlf) = iiE |£2(0) = € (f0) (O Fi | = (€£(00) = £(fo)(00)) (15)
and

B
B

Hy(a,6,v,B) =a+ 160\/?/ \/log(l + Npj(e, ¢(F), La(P)))de 43— log 2.
n Jas2 on

Proof of theorem 5. The proof follows closely the proof of [Theorem A.4 in van Handel, 2011].

From a conditional expectation bound to a deviation bound. Letx > 0 and let A be the event

A= {sup M,(f) > 1/1(@},

feF

with ¢ (z) = Hy (o, 6,v, B) + \/vx/n + Bx/(én). Observe that, for any z > 0,

Y(z) < Ep

sup {V,,(f) < v}(P - Pn)&;n(f)] :
fer

Therefore, to prove the claim, it suffices to prove that

Ep

up 1{,(f) < w}(P - anm(f)] < (1o (14 557) )

as this would imply

= oo tg)) = (o ()

which, as 1 is increasing, implies P[A] < 2e~%, which is 1t£1e wished claim.



Setting up the notation. In this proof, we will denote

H ={o(f) = ¢(fo) : f € F}.

Observe that by assumption H has diameter in || - ||oc norm (and thus in L2 () norm) smaller than B. For all j > 0,
let e; = B277, and let

Bj = {(Qj”’,ﬁj’p) cp=1,...,N;}
be an e;-bracketing of H in Lo(P) norm. Further suppose that B; is a minimal bracketing, that is that N; =

Npy(ej, H, Lo(P)). For all j, h, let p(j, h) be the index of a bracket in B; that contains h, that is p(j, h) is such
that

BrE < p < 77P0F)
Forallh € H, j > 0,i € [n] let
Ao = hj,p(j,h)7
and

AP = (b= NP (A, Wh).

Adaptive chaining. The core idea of the proof is a so-called adaptive chaining device: for any h, and any i € [n],
we write

h(A;, W;) =h(A;, W;) — XAy, W) VAT~ (A, W)
—+ )\T’ih’h(Ai, Wz) V )\Tih_l’h(Ai, Wz) — )\T;L_l’h(Ai, Wz)

T
+ Z )\j’h(Ai, Wz) V )\j_l’h(Ai7 Wz)
j=1
+ AO’h(AiaWi)a

for some 7/* > 0 that plays the role of the depth of the chain. We choose the depth 7/* so as to control the supremum
norm of the links of the chain. Specifically, we let

Tz.himin{j ZO:A{’h >aj}/\J7

for some J > 1, and a decreasing positive sequence a;, which we will explicitly specify later in the proof. The
chaining decomposition in C.2 can be rewritten as follows:

h(Ay, Wy) =X0" (A, Wy)

J
3 (A W) = NPV VT AL WY = 5}

7=0
J ‘ ‘ }
+ > L (A, W) v VT (A W) = V(AL W) el = )}
j=1
+ ()\j,h(A“ W’L) - Aj_l,h(Aia W’L)) I{Tih > j}}
Denote a?* = X% (A;, W;),

bI = {R(Ai, W) — Ny NS (A W) YL = ),
13



and
It = (VAL W) VN T (AL W) = N (A, W) {7 = )
+ ()\j’h(Ai, Wz) — Ajil’h(Ai, WZ)) I{Tih > ]}
Overloading the notation, we will denote, for every ¢ € [n] and function h : [K] x W — R,

h(A;, Wi)(1 = Vi)

th) = 9i(As, Wz)

From the linearity of /1, ..., £,,, we have that
(P — P)lrn(h) = AR 4 Z B + Z cih,
with
ZE W)IFii] — ti(al),
ZE GOPM) | Fia] — £ (00™),

n ; [gl(cz

The terms A”, BJ"* and CJ" can be intepreted as follows. For any given h and chain corresponding to h:

Fi—l] — éi(cg’h).

° AZ represents the root, at the coarsest level, of the chain,
e if the chain goes deeper than depth j, C7" is the link of the chain between depths j — 1 and j,

e if the chain stops at depth j, BJ" is the tip of the chain.
We control each term separately.

Control of the roots. Observe that, for all ¢ € [n],
)\O,h(A‘ W‘)2 :|
Y (1-Y; 2 Fi_
gz YRS
(A (a, W) — h(a, W;) + h(a, W3))?
gi(a, W)

Erelt(al)PIFia] = |

<Ep
a€[K]

Fi*l

<2671 Ep | > (\(a, W) — h(a, Wy)*

a€[K]

Fioi| +Ep | Y h(a,W:)*|F,

a€[K]

<4K§'e]
In the second line we have used that (1 — Y;) € [0,1]. As [|A°"||.. < B and inf, ,, g:(a,w) >, we have that
[;(al)| < Bt

Therefore, from lemma 6,

K N 8 B N
A h| < % 0 8 5 0
£ [pun 41 —&M 5% (1;13[,4])*35 oz 1+ 7737)-




Control of the tips. As )\{ 7 is a lower bracket, &(b{’h) < 0 and thus

P (6O Frea] - 60" <Bp (60| Fio
_E, -(h(Az', Wi) — /\Lh((j:,’wwf/;)) Vv NI(Ay, W) (1-Y)) _1]
<Ep :h(A“Wl) s ;Z’?A“V’V)z) VN AW oy Fil}
[ABRY R —
<Ep W Fi

We treat separately the case j < .J and the case j = J. We first start with the case j < J. If 7/* = j, we must then

have Ag s a;, which implies that

. . Az’hl Tih =7
E [&(bg"h)|F¢—1} *éi(b?f) = g(/{l W) ) Fiy
1 (AP
<—F|—*——|F;_
“a; | gi(A, W) | !

<1lp > (h(a7Wi)—>\j>h(a,Wi))2|FZ-,1

a€[K]
Ke?
_TJ
Therefore, for j < J,
Ke?
E4 {sup B/ f] —Z.
heF a;
Now consider the case j = J. We have that
1 n
Blh <2 [ Th g }
n =0 Z P Az |F7, 1
i=1
S h(Ai, Wi) = MM (A, Wi
ZEP|: ( ’W) ( ’W)F»L'_1:|
‘ gi(Ai7 WZ)

«
I
A

p | D hla, W) — XM (a, W;)|Fiz

a€[K]

S\H
M:

s
I
—

1/2

Fi4

zn: > h(a, Wy) = X (a, W5)

a€[K]

S\H

1/2

S\N

Z h(a, W;) — X" (a, W;))?| Fi—a
i=1 [K]

ac
Kejy

IA

Therefore,

Eﬁ {sup Bg’h} < Key.
heH 15



Control of the links. Observe that \J» — A =1 = M — p 4 h — M=1h Using that A" < h and N~ < h the
definitions of A7" and A7~ yield

— AP < (N — h) (A, W) > ) <0,
and 0 < (h— X710 (A, Wo)l{r]' > j} < A]TH

Therefore, recalling the definition of cg ’h, we have that
—AMYr > gy < < ATV > ).
Applying ¢; to CZ " amounts to multiplying it with a non-negative random variable. Therefore,
—G(A]"UT > Gy < (" <) < (AT > ),
and then
(D) < A1 > gy v AT > ).
From the definition of 77"/ and the fact that (1 — Y;) € [0, 1], we have that
() < aj v
Besides,
Ep [t(c)? 1P| < 2{Bp [6(AF)? Fia] + Ep [tV R}
We have that, for all 7,

(f(As, W3) — NP (A, W3))% (1 — Y;)?
g2 (A, W)

Ep [&(A{’h)Q Fi1:| =FEp [ Fi1:|

<Ep Z (fa,W;) = M (a, W;))? £

gi(a7 Wl)

Therefore, for all 4, j,
Ep (Ei(cg’h))2|Fi_1} <STUK(E +€).

Observe that C7" depends on h only through p(0, h)....,p(j, k). Therefore, as h varies over H, CJ:" varies over a
collection of at most

Ny =T ™

random variables. Therefore, from lemma 6,

. 2K (2 + €2 N, . . N,
E?[Supc’éh}gll\/('7]1)10g<1+P-7])+8a/]vaj 110g(1+ J )

heH on A 3  dn P[A4]

End of the proof. Collecting the bounds on E4 [sup,,c+ Bi"], EA[sup,cqy BL"] and E4[sup;, .4, C"] yields

J—1 2
Kes
] <Ke;+ ) 7;1

Ef Fup(PP%MLnUQ
i=t¢ ’

heH



Set

on
4= Gj\/Klog(l + N;/P[A])’
Replacing a; in the previous display yields

Ep

8 B N
sup(P — anm(f)] <Kes+ 52 1og (1 4 Do )
feFr n

J—1 =

K N;
20> e/ log (1 Jtl)
’ szo K on Og( i P[A]>

Since (14 N;/P[A]) < (1 + 1/P[A]) T4 (1 + Ny), we have

<

k=3
J

=4 Z(Ek — Ek+1) log(l + Nk)
k=0

B
<4://2 \/1og(1 + Nyj(e, F, Lo(P)))de.

Therefore, observing that Z}]:o ¢; < 2, and gathering the previous bounds yields that

Ep [SEE(P - Pn)flm(h)}

K B
§K6J+16O\/—/ \/log(1+N[](u2,.7-'7Loo(P))du
on /2

8 B
+ g%lOg (1+NH(17]:7LOO(P))>

K 1 8 B 1
1 — /1 1+ —— ——1 1+ ——
100y 5, °g< +P[A]>1—;36n °g< +P[A]>




v 1 B 1
H 1 —4 /1 1+ —— —1 1+ ——
(v, 0, a) + 60\/; og( +P[A]>+35n og( +P[A]>’

with

[K B B
H,(v,,a) = Ka+ 160 —/ \/log(l + Nj(u?, F, Loo(P)))du + 3—log (1 + N{j(1,F, Lo (P))) .
on Jaso on

C.2 Maximal inequality for policy elimination

Theorem 6 (Maximal inequality under parameter-dependent IS ratio bound). Let F be a class of functions A x W —
[0,1]. Suppose that we are under the contextual bandit setting described earlier, and that g; is the F;_1-measurable
design at time point i. Let, for any i > 1, any f € F,

Foranyn > 1, f € F, denote

Let [ be the direct policy optimization loss, and for all i, let {; be its importance-sampling weighted counterpart for
time point i, that is, forall f € F, 0 = (w,a,y) € O,

=Y Cla,W)f(a, W)

a€[K]
f(alw)

and bi(£){0) = alw)

(1-y9).

Suppose that there exists § > 0 such, that for all a,w € A x W and i € [n], g;(a|w) > 6.
Then, forallz > 0,v > 0, € € [0, 1]

P < 2e77,

sSup I{VILOC) < U}(P - Pn)glzn(f) > H, ('U 5 6) + 37\/7+ 3*

feF on

with

1
H,(v,6,€) = /ve + 127\/Z/ﬁ \/log(l + Nj(u?, F, Loo (P)))du + % log (1+ Njj(1,F, Leo(P))) -

The proof of the preceding theorem relies on the following lemma, which is a direct corollary of corollary A.8 in van
Handel [2011].

Lemma 6 (Bernstein-like maximal inequality for finite sets). Let, for any i € [n],j € [N], X; ; be an F;-measurable
random variable, and let, for any j € [N], M} =" | X; ;. Let for all j € [N],

ZEP IFia]

Suppose that for all i € [n], j € [N], | X, ;| < ba.s. for some b > 0. Then, for any event A € F,

N 8 N
A < oAMI| < =Yl '
E ;2%\3{1{0 <o }M] 4o 1(1)§ <1+ P[A]> + blog <1+ P[A])




Proof of lemma 6. Observe that

207 & X;
Trep(3)

2b2 n bk72 )
F,| <= . __E[X2?|F,_

2 1 )
< Z il ZE[Xi | 1]
k>2 i=1
<2¢(1)o ;
§202

n,j-

The conclusion follows from corollary A.8 in van Handel [2011]. O
Proof of theorem 6. The proof follows closely the proof of theorem A.4 in van Handel [2011]

From a conditional expectation bound to a deviation bound. Letx > 0 and let A be the event

A= {SUP 1{Vn(fﬁv}(P - Pn)gl:n(f) > 1/’(55)} )
feF

with

[V T

Observe that for any z > 0,

(x) < Ep

sup I{Vn(f) < U}(P - Pn)£1:n(f)] :
feFr

Therefore, to prove the claim, it suffices to prove that

A
Plier P[A]

oss(on(es dg)) 5o (i)

which, as 1 is increasing, implies P[A] < 2e~*, which is the wished claim.

sup 1{T(f) < vh(P — Wm(f)] <v <1og (1 " 1)) ,

as this would imply

Setting up the notation. Forall j > 0, lete; = 277, and let

By ={(f"*F"):p=1,...,N;}

be an e;-bracketing of F in Lo (P) norm. Further suppose that B; is a minimal bracketing, that is that N; =
Np(ej, F, Loo (P)). For all 4, f, let p(j, f) be the index of a bracket of B; that contains f, that is p(j, f) is such that

fjap(j7f) < f < ?j#’(j’f)'
Forall f € F,5 >0, € [n] let
Af = fJ)/J(j,f)7
and

AP = (f = 34 W),



Adaptive chaining. The core idea of the proof is a so-called adaptive chaining device: for any f, and any i € [n],
we write

FOAL W) =F(As, W) = N0 (A, W) v AT 1T (A, W)
N (A W) VAT TR (A W) — AT R (A, W)

‘rffl

+ Z )\j’f(AZ', Wl) V )\j_l’f(Ai, Wl)
j=1
=+ AO’f(}l’ia W1)7

for some Tif > 0 that plays the role of the depth of the chain. We choose the depth Tl-f so as to control the supremum
norm of the links of the chain. Specifically, we let

A
77 = min 20 ——L—=>a; p ANJ,
’ — T g(Agwy) T

for some J > 1, and a decreasing positive sequence a;, which we will explicitly specify later in the proof. The
chaining decomposition in C.2 can be rewritten as follows:

F(AL W) =X (A, W5)

J
+ Z {F(A W) = N1V NN (A, W i, = )

<

Z (N (A, W) v N (A, W) — N8 (A, W) 1 = 4))

+ (VT (AL, W) = N8 (AL W) 7 > )
Denote al = AOF(A4;, W),

bP = {F(AL Wi) = M v TR (A W b, = g,

and
ol = (N (A, W) v VT (A, W) = NN (A, W) 1 = )}
+ (N (A, W) = NN (AL W) 1 > )
From the linearity of /1, ..., £,, we have that
J J
(P = Po)lunlf) = AL+ Bil +3 Y,
with

A == ZE D)o ~ tial),

ZE GO Fiy] — 0007,

g f —Z Bl (A
CJ n; [05(c

B%’f and C’%*f can be intepreted as follows2 630r any given f and chain corresponding to f:

Fi—l] — Ei(cz’f).

The terms A/

n’



° A£ represents the root, at the coarsest level, of the chain,
e if the chain goes deeper than depth 7, C’T{*f is the link of the chain between depths j — 1 and 7,

e if the chain stops at depth 5, B/ is the tip of the chain.
We control each term separately.

Control of the roots. Observe that, for all i € [n], |¢; azf )| < 61 as., and that

(
Belt(a] Fiot] =Er |

In the second line we have used that, \%f (A;, W;) < f(A;, W;), that (1 — Y;) € [0,1], and that f(a, W;) € [0,1].

Therefore, from lemma 6,
v Ny Ny
44/ —1 —1 .
W °g< P[A]) " 36m °g< P[A})

Control of the tips. As Ei(bg f ) < 0, we have that

Ep

sup 1{V,(f) < v}Af
feF

Ep[t;(b])|Fi—1] — 6:(0]7) <Ep[t:(b]7)|Fi1]

A“ Wz )\j"f(Ai7 Wz) \Y )\j—l,f(A“ Wz) Fi
1-Y) {7/ =j}HF;_
|: gz(AzaWz) ( ) {Tz J} 1]
AJf
<Ep | ——"—~N7
<Er |t

We treat separately the case j < J and the case j = J. We first start with the case j < J. If Tif = j, we must then
have A/ /g;(A;, W;) > a;, which implies that

E [&(bf’f)!Fi_l} 4y <—E

The second line above follows from the fact that 0 < f — M\ < fsince 0 < M < f. The third line above follows
from the fact that 0 < (f — X7)(a, W;) < || f — M/ ||oo < ¢;. Therefore, for j < J,

Ep |sup YV, (f) < v}Bj/

1
< —we;.
feF a

J

Now consider the case 7 = J. We have that

1« (f = M5 (A, W)
BN <-N"F [ ’
n ; r gi(AiaWi)21

Fi1:|



3\>—‘

i M: HSMH /—\

— M) (A, W5)

1/2
Fi—l})
Z fa a, W;) — Aa, Wy) | Fi_
CL|W 3 ) A 1—1

1/2
1
n Z

The second line follows from Cauchy-Schwartz and Jensen. The third line uses the same arguments as in the case
7 < J treated before. Therefore,

1/2

IN

<\Vves

Eﬁ < vey.

sup 1{V,,(f) < U}B]f
feF

Control of the links. Observe that M-/ — N =1/ = Mo — f 4 f — M~LJ Using that M/ < fand M1/ < f
the definitions of A/ T and AI-1S yields

=AM < (W = AW > ) <o,
and 0 < (f — MW (A, Wr{r] > j} < AT
Therefore, recalling the definition of c{ f , we have that
AU > gy < f < ATV 2 5y
Applying ¢; to cZ * amounts to multiplying it with a non-negative random variable. Therefore,
~6(A ] > 5} <t <) <a(aT1{T 2 gy,

and then

(N < AU > gy v AT = )
From the definition of 77"/ and the fact that (1 — Y;) € [0, 1], we have that

() < aj v
Besides,
Ep [6(c7 IR | < 2{Bp [6(AF)2 ]+ Bp [6(AT )2 R}

We have that, for all 7,

(f(Ai, Wi) = AT (A, Wi))?

_ V)2
gi(A;|[W;)? (1-1)

B (682 P1Foa] =B |

Fi—1:|

<Ep | 32 LW p0 vy - x 0, wi)|

i—1

Therefore, for all ¢, j,



Observe that C7>f depends on f only through p(0, f),...,p(j, f). Therefore, as f varies over F, CJ:/ varies over a
collection of at most

N; =[] ™

k=0

random variables. Therefore, from lemma 6,

¥ < i | < ol +ej-1) N; 8a;Vaj_, N;
?ggl{vn(f)”}c"]4\/ wo U e e U g

End of the proof. Collecting the bounds on Eg[sup s » {V,,(f) < v} B/, Eflsup ez {Va(f) < v}B%/] and
Epfsuper HVa(f) < 0}Cj 7] yields

Ep

Ep

J—1 j
?ugl{f/n(f) <vj(P - Pn)gln(f)‘| <Vves + Z ’l;i
€ = a
+4\/Zlog (Hé&) +36%10g <1+}i[vﬁu>
N;
+Z s (14 )

8Clj_1 Nj
§ = log ( 1 .
T3 °g< *P[A])

Set

3 \/ nvE;
a; = < = .
7 8\ log(1 + Nj;1/P[A])
Replacing a; in the previous display yields

Ep

_ 8 N
cup 1V () < v}(P - ann(f)] <V + 2 log (1 ¥ P@)
; i
N
+§8+2f <1+P[A]>.

Since (14 N;/P[A]) < (1 + 1/P[A]) [Tj_o(1 + Ni), we have

zj:\/ejlog (1—1— P]\[gl]> SXJ:\/E log <1+P[1A]> +§:10g(1+Nk)

J J J
< Z@»/log(up[{ﬂ%z\/azm

We first look at the second term. We have that

J J
Z\sz/log + Ni) :Z\/log 1+ Ng) Z
j=0 k= j=k

5
Sﬂ %32) \/log1+Nk)



2y
=<\/§\[31> > (er — enp1)V/log(1+ Ny).

k=0

Letting uj, = /ex, we have that N, = N{j(ug, F, Loo(P)) and thus

Z \FZ VI AN < [ \flog(1+ V(2. F. Lo (P

Uj+1

Therefore, observing that Z —06 < v2/(v/2 — 1), and gathering the previous bounds yields that

Ep

sup 4V, (f) <v}(P— Pn)gl:n(f)]
feF

<Vves + (8 +2v2) log(1 + Npj(u?, F, Lo (P))du
—1 Ves/2

81
+§§ﬁg@+M]LFL

- fN— ( )

H,(v,6,€) = ve + 127\/3/\/% \/log(l + Nj(u?, F, Loo (P)))du + % log (1 + N (1, F, LOO(P))) .

with

D Regret analysis of the policy evaluation algorithm

D.1 Definition of v and constants in the definition of z .

Forall 6 > 0,v>0,p>0,7>1,let
1 1 1
ar(e,é,v,p)i\/ﬂ{“fi’?)+@ og (T ) 5 (o ator (P )>)}
F30ss T € or €

12T ifpe (0,1
@py;{ pey

with

1+1”V92 iftp>1,

co =37,c3 =3log2,andcy = 3. Foralld >0,v>0,7>1,let

1 1
b i) = ¢ EED R

withcs = cg = 2. Forall§ > 0,v>0,7>1,p > 0, let

I-,—(e, 57 U7p) = 2(0“7'(67 5a Uap) + b.,-(E, 5a U))
24



Foralld > 0,7 > 1, let

i 2 1)\  16log2 1 1
“T(e"s)izK”_l{Cl(f’?)Jr?’ log(T(T+ ))+ Glog 61 (T(TH)}
7275 VT € - c

with
64./c .
/ (C,p) KN 1—p/624><2p/271ﬁ lfp S (0; 2)7

The quantity v, from the main text is defined as v, = v, (e, d,).

We can now give the explicit definitions of the sequences (d;) and (). For all 7 > 1, let

1 1
5, = r=(335) and = 2,(e, 67,0, (€,6,),p).
The constant ¢; in the main text is defined as ¢; = ¢4 + ¢4.

D.2 Proofs

Lemma 7 (Bound in the max IS ratio in terms of max empirical IS ratio). . Consider a class of policies F as in the
current section. Suppose that g : A x W — [0, 1] is such that g is uniformly lower bounded by some § > 0, that is,
Sforalla,w € AxW,g(a,w) > 6.

Suppose that assumption A1 holds. Then, for all ¢ > 0,

flaW) €
Sl Pl B R T

The proof of lemma 7 relies on the following result, which is a slighlty modified version of corollary 6.9 in Massart
[2007]. The only differences are that

e we state it with lower bound of the entropy integral a/2 > 0, instead of 0, which makes appear an approximation
error term «,

e we state it for i.i.d. random variables instead of independent random variables, we set to 1 the value of € in the
original statement of the theorem.

Proposition 3. Let F be a class of functions f : X — R. Let X1,..., X, be i.i.d. random variables with domain X
and common marginal distribution P. Suppose that there exists o and b such that, for all f € F, for any k > 2,

B F0)P] < Eorir
Assume that for all € > 0, there exists a set of brackets B(e, b) covering F such that, for all bracket [l,u) in B(e, 0),
Bl((u— (X)) < e
We call such a B(e, ) an (e, b) bracketing of F, and we denote N (¢, b F) the minimal cardinality of such an B(e, b).

Then, for all « € (0, o), and for all x > 0,

P {sup(P — P, f > H,(a,o,b) + 100\/?—4— be] <e™?
n

eF

where

H,(a,0,b) —a—i——/ ,/logj\f[] ebfde+ log./\f (o,b,F).
a/2



Proof of proposition 3. Tt suffices to choose J in the proof of corollary 6.9 in Massart [2007] such that a/2 < €; < «,
and not let it go to oo at the end of the proof. O

Proof of lemma 7. Let

H= Hzf ferF

a€[K]

Observe that, forall h € H, h(W)| < 671, as g > 4, and thus Ep[h?(W)] < 6—2. Observe that an e-bracketing of F
in Lo (P) induces a (v Ked~', b) bracketing of 7 in the sense of proposition 3. Therefore, from proposition 3

€
P lsup(P = P,)f > v(e,6) —2K | < —
FpP - P)f 2 (e ) w1

O

The following lemma shows that, with high probability, the policy elimination algorithm doesn’t eliminate the optimal
policy.
Lemma 8. Suppose that A1 holds. Suppose (x4(€)) is as specified in subsection 2.1. Then, for all t > 1,

Plf* e F]>1—3e.

Proof. Denote f, = arg min feF, R.(f). We have that

R-(f*) = R-(f;) <R(f*) — R(f,)
+ R (f*) = R(f*)
+ R(fr) — R-(f-)
<R.(f*) = R(f")
) —

+ sup R(f) — R-(f).
feF,

Define the event
E1y = {vT €lt): sup V(g f) < vf(e,m},

where v, (¢, 0, ) is defined in subsection 2.1. From lemma 7,
P[€17t} Z 1— 2e.

For all 7 € [t], define the event

52,25 = < max sup R(f) R‘r(f) < a.,.(e, 577”7’(@ 5T)ap) )
TElt] feF,
where a is defined in subsection 2.1. From theorem 6,
P[((/‘QC’“th] S €.

We now turn to controlling RT( f*) — R(f*). So as to be able to obtain a high probability bound scaling as
Vv (€,6;)/7, we need f* tobe in F.. As we are about to show, if the desired bound holds, that &1 , N &, ; holds, and
that f* € F,, them we will have that f* € F, ;. This mgtévates a reasoning by induction.



Let, for all 7 € [t],
E3r = {Re(f) = RUY) < bole, 0, 0(e,5,)) )

where b, is defined in subsection 2.1. We are going to show by induction that for all 7 € [¢],

T

€
P&, 614,84 <Y —.
[ 3,60 €1t 2,t] = ; s+
By convention, we let &3¢9 = {f* € F}. and 22:1 1/(s(s 4+ 1)) = 0. The induction claim thus trivially holds at
7 = 0. Consider 7 € [t]. Suppose that

T—1

P[gg,'rflu 51,1‘.7 g?,t] S

s(s+1)

1

w
Il

Observe that £, 1 N &1+ N &+ implies f* € F as we then have

é‘r'(f*) - R‘r(fr) Sanl(ea 67'71, ’UT,1(6, 57’71)7]7) + bT*l (67 67’717 UT*1(€7 67'71))
<1'7'71(67 67‘717 'UT,1(6, 6771))~
Using this fact, distinguishing the cases &3 -1 and £5 ;. _;, and using the induction hypothesis yields
PIES 1 11, E24) SP[ES 83 r—1,E11,Ea] + PIES 1, E1t, E ]

s(s+1)°

T—1
<PIES, [T € F, &l + )
s=1

Observe that under { f* € .} N &4, we have that V(g-, f*) < v (¢, d,) and thus
E[(-(f*)(0:))*|Fr_1] < Kv, (€, 07).

Besides, |0, (f*)(O;) — E[l-(f*)(O,)|Fr—1] < 67 1. Therefore, from Bernstein’s inequality for martingales

€
PIES ffeF, &y < —m.
[ 3,7-7f € ) 2,t} — T(T+ 1)
Therefore,
T €
PIES [ E14,E04] < )
[ 3,70 ¢t Qat] = Sz:; S(S+1)
We have thus shown that, for all 7 € [¢],
T €
PIES _E14,E24] < )
[ 3,7 ¢t 2,t] = ; S(S+1)

Therefore,
Pl&s34,&14,E24) =P[E14,E04) — P[5§7ta£1,t752,t]
=P[&1 4] — Pl€14,E5,4] — PlE5 4, E1t5 E24]
=1- P[glc,t} - P[gl,tagg,t] - P[gl,tng,tvgg,t]
>1 — 4e.

27



The following lemma gives a bound on sup ;¢ = R(f) — R(f*) which holds uniformly in time with high probability.
Lemma 9. Consider algorithm 1. Make assumption Al. Then, with probability 1 — 4¢, we have that, for all T € [t],

sup R(f) — R(f") < 2z,.
fex,

Proof. Observe that, for all f € F,

R(f) — R(f*) =R.(f) — R.(f")
+ R(f) — R.(f)
— R(f*) = R(f7))
<R.(f) - R-(f:)
+ sup (R(f) — Ri(f))

feF-
—(R(f*) — Re(f7))
<zr
+ sup (R(f) — Re(f))
feF-

— (R(f*) = Ra(f7))-
Define the events
E10= {VT € [t], sup V(gr, f) < vr(eyéf)} :
feF-
Ear ={f" € Fi}.
From lemma 8,
Pi&14] > 1 —4e.
Under &; ¢, we have that, for all f € F,
E [(6:(f)(02))*|Fr—1] < Kus(e,67).

Therefore, using also that |£,(f)(O,)| < §-1, theorem 6 gives us that, for all 7 € [t],

P

fbeu]-PT R(f) - R‘r(f) 2 CLT(G, UT(G) 67')7 (57—,])), gl,t] S ﬁv

which, by a union bound gives us that
P [gg,tv 81115] S €,

with

Esp = {VT € [¢t], sup R(f) — Rr(f) < aT(e,vT(e,ér),éT,p)} .
fers,

We now consider the term R, (f) — R(f*). We have that



Under &; ¢+ N &>+, each term in the sum satisfies
Ep [(t:(f*)(07))*|Fr—1] < Kv,(€,6;)
and
|€-(f*)(Or) = Ep [ (f*)(Or)|Fr—1] < 671

Therefore, from Bernstein’s inequality and a union bound, letting

Cap = {VT € [t], R, (f*) — R(f*) < b, (6, UT(G,JT),(;T)} ,
we have that
P[&f 11, &) < e
Observe that under £; ; N £4 it holds that

V1 € [t] sup R(f) — R(f*) < z-.
fex,

Therefore, to conclude the proof, it suffices to bound P[E3 ;, E4,,]. We have that
P[(E3,4 M Exp)°] <P[E1t,Eat, (€34 N Eat)] + PIET ] + PIES ]
<P[&1t,E21,E54]
+ P&, &, E5y| + PIET,] + PIES ]

<6,
which yields the wished claim.
We can now prove theorem 1.
Proof of theorem 1. Observe that
t t
Zv(f*) -Y = Z(l = Y:) = Ep[(1—Y7)|Fri]
=1 T=1

+ Z -EP[(1 - YT)‘FTfl] - R(f*)

Since (1 — Y;) € [0, 1], from Azuma-Hoeffding, we have that, with probability at least 1 — ¢,

Z(l - Y‘r) - EP[(]- - YT)|FT—1] S “thg <1>

EP [(1 - YT)|F7'71} = R(gT) = 6TR<gref) + (1 - 6T)R(§T)?

Observe that

where g, € F,. Therefore,

EP [(1 - YT)|FT71} - R(f*) S(s'r(R(gref) - R(f*)) + (]- - 67)(R(§'r) - R(f*))
<0r + (R(g-) — R(f"))

From lemma 9, with probability 1 — Ge, for all 7 € [t],
R(gr) — R(f*) < 2.

Therefore, with probability at least 1 — 7¢, we have the w'bséled bound.



E Regret analysis of the c-greedy algorithm

E.1 Regret decomposition

Using in particular the linearity of 7 — R(7) and the definition of g;, we have that

Y; — R(m")
Y, = EIYi|Fos] 4+ EVilFir] — R(x*)
=Y; — E[Yi|Fi1] + R(ge) — R(7™)
=Y, — E[Y;|F_1] +5t(R(9ref) — R(™))
reward noise exploration cost
+ (1= 6) (R(7e—1) — R(7™)) . (16)

exploitation cost

E.2 Proof of deviations inequalities

Proof of theorem 3. Observe that

R?(f,) — R*(f3) = ZE G ()0 Fral |,

LS 7000 - e300
T=1

+ My(f)

with M;(f) as defined in (15) and where we take f; = f in the definition of A/;. Since ft is the empirical ¢-risk
minimizer, line E.2 is non-positive, and thus

R%(fy) — R®(f3) < My(fy). (17)
Observe that, for all f € F,
) - BU < 5

and

J (B(f(Ar, W,) — o(f(Ar, W,))?

1-Y.)?|F,_
PRYERTA (=Y

P [((€201)(07) = €2(£5)(00) [Fra] =B

(¢(f(a, Wr) = §(f5(a, W7))”
Z gr(a, Wr)

Therefore, using (17) and theorem 5, we have that

. [K [Kz Bz
P |R%(f;) — R®(f3) > H; <a,5,B 5,B>+160B = +35t

B
B
Hy(a,0,v,B) =a+ 160\/?/ \/log(l + Npj(e, F, La(P)))de + 3 log 2.
t Joss 5t

< 2e7F

— ?

with
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Proof of theorem 4. For any p € (0,2) U (2, 00),

B
V¢ 1opj2 ()P
< VO p/2 _ (= .
/(X/z\/log(1+N[](e,.7-'7L2(P)_1p/2 B (5)

We set

0 forp € (0,2)
o= 1
B2v (E)r forp > 2.

Then, we have

By/ £ 1@2B1 p/2 33510%2 forp € (0,2),
Ho(a,6.0,B)<{ VT WW;/H .
B/ (£)17 (14 L2020 ) 4 $B10g2 forp > 2
Therefore, for
X (1@231 P2 4 160«/10g(2/6)) + 3B log(4/e) if p e (0,2)

xT(€7K>67va) =

B
1 p/2—1 .
B2/p P(£) / <1+%)+Bg/g10g(2/e)+%—flog(4/e) ifp>2.

Theorem 3 gives that

P [RO(f,) = RO(f3) > wr(e. K,8,6,B,p) | < e

Observe that

t t
> Vi) - Y, Zv (i) — Ep [Y;|Fr] + > Ep[Y|Fry]
T=1

T7=1

< 25 (gres) = R(m)) + (1 = 6-)R(7(fr—1) — R(mfy)

+ZEPY|FT 1]7YT

<2
= Z (B (frr) = RO(15))
+ ZEP[YJFTA]-

By a union bound, with probability at least 1 — €/2,

t
> R(fro1) — RP(f5) < ZxT ( K63p>
=1

By Azuma-Hoeffding, with probability at least 1 — €/2,

t
Y EpY;|Fr ] = Y; < \/210g(2/e).
T=1
31



Therefore, with probability at least 1 — e,

t t
S Vi) ¥ <30 var (g Koo Bon)
% 757 \/log(t /e).

F Results on efficient algorithm for policy search in GPE

F.1 Casting exploration policy search as a convex feasibility problem

For any M > 0, denote P; (M) the following feasibility problem.

fa.W,)
1 2 SR (- S)mE)

K]
Te[t 1]

<M.

Find g; € F; such that

For all f € F, let
wyr = (fla,W;) 1 a € [K],T € t]).
For any given f € F, observe that
feF «=Vrelt—1],R.(f) < min Ro(f) + e = b,

= Vrelt—1),ul w1, <by, (18)

where

Upr = (l{s <7} 14 Sg:(2|}%/§/1s)_ ¥o) ca€[K],s€ [t]) :

Introduce the set
Co ={wys.: f e R},
which, by (18) can be rewritten as
Co={wy,: feF,Vrelt],u, jwry <br}. (19)

Based on (18) and (19), we can thus rewrite P; (M) as the following two-step problem.

1 z
1. Find w € C; such that Vz € Cy, —— Z ar o
-l a€[K],relt—1] 6t/ K + (1 — 6)wa,r

2. Find f € F; such that wy; = w.

As F is convex, that functions in f have range in [O 1], and that for all z € RE?,

Za,T
t—1 Z (St/K—f— 1—6t)wa7
‘rE

is a convex mapping, the set

D,(M) =C, N REt . vz e Q) —— Za,r <M
t( ) t w e z e t,t_l Z[;(] 5t/K+ 1_5t)waﬁ_

Telt—1]

is a convex set. The following lemma ensures it is not emg?&



Lemma 10. Let C be a compact convex subset of R (=1 Set arbitrary § € (0,1) and w € C. Then
Za,r 4
g PO =

K]

Te[t 1]

As we will recall precisely in the next subsection, so as to be able to give gaurantees on the number of iterations needed
by the ellipsoid algorithm to find a point in a convex set, we need a lower bound on the volume of the set. As we can
make the volume of D, arbitrarily small in some cases, similarly to [Dudik et al., 2011], we will consider a slightly
enlarged version of D; whose volume we can explicitly lower bound. The following lemma informs how to construct
such an enlarged set. Before stating the lemma, we introduce the following notation:

1 Za,r
his = :
BT QZ §/K + (1 — 8)wa.r

Lemma 11. Letw € (R,)%t, 6 € (0,1), A € (0,6/2). Then, for all u € Bg(0,1), z € [0,1]%*

‘h&t(w + Au, Z) - h57t(w7 Z)| < gt,é(A),

with & 5(A) = 2A672\/K

Forall A > 0, let
Cia={we RN 1 d(w,C, < A}.
From the above lemma, if w € D;(M), every point w’ € B(w, A) satisfies

Héaxht(;(w z2) <M +&.5(A).
z€Cy

Therefore, provided D; contains at least one point, say w, the set
Dia={welt,A:VzeChs5(w,z) <M+E&s(A)}

contains B(w, A). Finally, suppose that w € D; o(M). Then, by definition of D, A (M), there exists a w’ € C; such
that d(w’, w’) < A, and thus by lemma 11,

max h, s(w, 2) < M + 28 5(A).

By lemma 10, we can pick M = 4K/3 while still ensuring that D,;(M) is non-empty. Them setting A such that
&5, (A) = K/3, that is setting it to A, = §2,/(t — 1)/K ensures that D; A, contains a ball od radius A, and that
M + 2& 5,(As) < 2K. Therefore, the exploration policy search problem (3) is equivalent to the two-step process

1. Find w € Dy a,
2.Find f € F suchthat |w; —w|2 < Ay
F.2 Finding an element of I/ using the ellipsoid algorithm

Finding an element of a convex set of non-negligilble volume such as D; a, (4K/3) can be performed in polynomial
time with the ellipsoid algorithm. The ellipsoid algorithm requires having access to a separation oracle.

Definition 5 (Separation oracle). Let C C R™, n > 1 be a convex set. A separation oracle for C is a routine that, for
any w € R™ outputs whether w € C, and if w # C, returns an hyperplane separating w and C.

We will not recall here the ellipsoid algorithm as it is stanggrd, but we restate a know lemma on its runtime.



Lemma 12 (Runtime of the ellipsoid algorithm). Let C be a convex set. Suppose we know an R > 0 such that
C C B,(0, R), and that there exists a point w € C and A > 0 such that B(w, A) C C. Then the ellipsoid algorithm

finds a point in C in no more than
R
2 —
(0] (n log < A)>

Therefore, to construct an efficient algorithm that finds the exploration policy at time ¢, we just need to find how to
implement a separation oracle for D, a,. Observe that we can rewrite D; a, as the intersection of two convex sets:

calls to a separation oracle for C.

5
Dia, =Cia, N {w eRX: V2 € Cihy g, (w, 2) < SK} .

A separation oracle for D; A, can thus be built from a separation oracle for C; o and a separation oracle for {w €
REY: V2 € Cihy s, (w,2) < 5K/3}.

The following lemma shows how to implement a separation oracle for C; A using one call to LCLSO.

Lemma 13 (Separation oracle for C;). Let w € CX?t. Let

w = argur}peigt lw —w'].

If |lw—w|| <A, then w € Cya. If not, then
’Hi{zeRKt {z —w,w—w) =0}
is an hyperplane that separates w from Cy a.

Proof. Tt suffices to show that Vz € H, d(z,C;.an) > 0, or equivalently that d(z,C;) > A. Observe that since
w € Cy, A, we must have that d(w, C¢) > A. Therefore, it will be enough to show that

Vz € H, d(z,Ct) > d(w,Cy).

We first show that for all Z € C;, (£ — W, w — w) > 0. Then, for all A € (0,1),

lw = (A2 + (1= Nw)||3 =[l(w — @) = Az - D)3

=[lw — @[3 + N||z — @[|3 — 2A(Z — D, w — D).
Therefore, for A € (0, 1) small enough,
lw — (A2 + (1 = xd)|[3 < [lw — b]f3.

Since, by convexity of C¢, AZ + (1 — \)w € Cy, this contradicts that w is the projection of w on C;. Therefore, we must
have that

(Z—w,w—w) <0 (20)
for all Z € C;.

We can now use this property to show the wished claim. Let z € H, and let Z € C;. We have that

Iz = 23 =[l(z — w) + (w — @) + (0 - 2)3
=llz = wl3 + llw — @3 + [l - Z[13
+2(z—w,w—w)
S ———

=0 by deg'aition of H



+2(w— b, — 3)
>0 from (20)
+2(z—w,w—Z)

>—|z—w||||w—Z]
by Cauchy-Schwartz

>(||z = wl| = [lw —@[)* + [|& — 2|3
zd(w,Ct),

which concludes the proof. O

i},

The next lemma shows how to implement a separation oracle for

Ly = {u) e RE vz ey, hi,s, (w,z) <

w| ot

using one call to LCCSCO.

Lemma 14 (Separation oracle for £;). Let w € R¥t. Let

2" = arg max hy 5, (w, 2).
z€Cy T

z* can be found in one call to LCCSCO. If hy s, (w, 2*) < 5K/3, then w € L. If not, then w & L, and
H = {w : hes, (w,2) + (Vhe)(w,2) T (0" —w) =0}
separates w and L.
We restate below for self-containdness lemma 10 from Dudik et al. [2011], which will be useful in the rest of the

section.

Lemma 15 (Lemma 10 in [Dudik et al., 2011]). For x € R™, let f(x) be a convex function of x, and consider the
convex set K defined by K = {x : f(z) < 0}. Suppose we have a point y such that f(y) > 0. Let Vf(y) be a
subgradient of f at y. Then the hyperplane f(y) + Vf(y) " (x — y) = 0 separates y from K.

Proof. Observe that

. 1
ht75t(wvz) = t—il Z Ua,rZa,75

a€[K]
TE[t—1]

with

. 1
Hom = 5, /K + (1 — 6y)wa.r

> 0.

Therefore, arg max.cc, he,s(w, z) = wy, f+, where

Z Uq,r f(a, W;) subject to V7 € [t], R-(f) < max R, (f) + .

f* = argmax

feFt—1 wElK] feF
TE[t—1]
As
- 1 1{A; =a}(1 -Y5)
R.(f)=— fla,Wy),
D=7 2 = gawy ™)
selT]
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the constraint RT( f) < maxser RT( f) + €-. is a linear constraint, and therefore, f* can be obtained with one call to
LCCSCO.

From lemma 15, if by 5, (w, 2*) — 5K/3 > 0,
H = {w : hes, (0, 27) + (Vwhe)(w,2) T (0" —w) =0}
separates w from
{w’ € RE by s, (W, 27) — gK < O} ,
and thus from £, which concludes the proof. O

G Proof of the results on the additive model policy class

G.1 Proof of lemma 2

The following result is the fundamental building block of the proof.

Lemma 16 (Bracketing entropy of univariate distribution functions). Let G the set of cumulative distribution functions
on [0, 1]. There exist co > 0, €g € (0,1) such that, for all € € (0, €),

log Njj(6,G, || - [loo) < coe ! log(1/e€).

We first state an intermediate result.

Lemma 17 (Bracketing entropy of linear combinations). Let H be a class of functions and let
J
F = Zajhj:al,...,aJe[—B,B], hi,...,hy €H
j=1

Suppose that for all h € H,

hlleo < M. Then, for all € > 0,

€
log N{) (€, F, | - loe) < J1og Ny (555 P 1 - 1 ) + I log (

4JBM>
; .

Proof of lemma 17. Let
B = {(lx,ux) : k € [N]}

be an e bracketing in || - || o norm of . For all m, let cv,,, = m(B/M)e. Forall f = Z}]:1 a;hj, there exist k1, ...,k
and myq, ..., my such that Vj € [J],

lk’j S h_j S ukjv

and
Oy S a5 < Oy
Therefore,
Ak, ... kgymy, .o omy) < f < Y(ky,....,kj,m1,....,my),
with

J
A(kla"'akJamlv-"7mJ) = Zamj—l(lij)+ +amj(lij)7’
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J
and Y(kq,...,ky,my,...,my) = Zamj—l(uij)+ + (i)~
j=1

Therefore, we have that

|T(/<:1,...,kj,m1,...,mJ)—A(kl,...,k‘J,ml,‘..,mJﬂ

J
Zamj—l(uij - lij) + Z(amj - amj_l)((umj)—‘r - (lm;)_)

j=1
JBe
<JB M
<Jbe+ Vi
=2JBe.
Therefore,
oM\’
N[](QJBG,]:, ||'||OO)§N[](6aH’ HHOO) X T ;
hence the claim. O

We can now prove lemma 2

Proof of lemma 2. Let e > 0. Let
B={(l;,u;): 1 € [N]},

be an e-bracketing in || - || the set of distribution functions on [0, 1], which we will denote G. Let h € H. There exist
a € [-B,B],b € [0,B], h1, ho € such that h = a + b(h1 — ha), and there exists i1, i2 € [N] such that

liy <ht <y, and li, < ho <y,

and iz € [—1/e,1/€] such that a € [a;,—1, a;,] With

oy, = i3Me,
and iy € [0,1/¢] such thatb € [3;,_1, 3;,] with

Bi, = taMe.
Therefore, we have that

A(i1,d2,13,14) < h < Y(i1,12,13,14),
with
A(iy,ia, i3, 04) =ai,—1 + Biy—1 (L, —wip) ™t + Biy (L, —usy)”
and Y (i1, 42,13, 44) =y, + Big (wiy — Liy) T + Big—1(wi, —1iy) ™.

Note that

0 < (i, izyinsia) — Ai1, in, iz, ia) =0y — Qig_1
+ Bia—1(wiy — liy +uiy — liy)
+ (Bis — Bis—1) (i, —liy) " = (liy —usy) ™)
<Me+2Me + M (u;, —1i,)t

<4Me.
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Therefore,
B’ = {(A(i1, iz, i3,14), Y(i1,42,43,14)) : i1, 12 € [N],iz € [~1/e,1/€],is € [0,1/€]}
is an 4 M e-bracket in || - || o norm of H. Thus
NOUMe H - floe) <2 % £ x Nj(6,G, - o)

That is

8M? €
IOgN[](E,H, H : ||oo) §210g< 2 ) + QIOgN[] (M7ga H ’ ||OO)

8M

Therefore, from lemma 17 and lemma 16,

4JBM

€

log Njj(&, F, || - [|oo) ngog( ) +2Jlog +2710g Njj (57951 1 )

V8MJBM
€ 2JB’7’

<(2Jeo + 1)e Hlog (‘WMM VEM2)<B v 1>> |

forall e € (0,2J Bey). O

G.2 Proof of lemma 3

Proof of lemma 3. We decompose the proof in three steps. We will denote feas(P; ) and feas(P,) the feasible sets of
Pl and 'Pg.

Step 1: The feasible set of P, is contained in the feasible set of P;. First, observe that for any h : = —
St Bz > 2}, bl = S04, |8, . Therefore, for every I, H; ; C H and thus F; C F.

Second, observe that for any w € [0, 1]%, there exists @ € G(wy,...,w,) such that f(w) = f(w). Therefore, if f
satisfies (9) and (10) at every (a,w) € [K] X G(wy, ..., w;), it satisfies them everywhere. Therefore, this proves that
the feasible set of Ps is contained in the feasible set of P;.

Step 2: For any f in the feasible set of P, there is an f in the feasible set of P, that achieves the same value
of the objective function. Let f : (a,w) — Zle g, 1hq 1 (w;) be an element of the feasible set of 7P;. Observe
that for all a, {, there exists ﬁa,l of the form BGJ = 23:1 Bai-1{x > w; ;} such that for all 7 € {0, ...,t},
Ba’l(wﬂl) = hgi(wry). As f and f coincide at every (a,w) € [K] x G(wy,...,w,), constraints (11) and (12) are

satisfied at every (a,w) € [K] x G(wo,...,w,), and f and f achieve the same value of the objective function. To

prove that f is in the feasible set of P, it remains to show that the functions (ha,1)ae[k],1¢[q) are in Hy ¢, that is that
for all a, i, Zi:o |Bai,r| < M. We have that

t t
Z |Ba,l,7‘| :|ha,l(0)| + Z |ha,l(w'r,l) - ha,l(wr,l)‘
7=0 T=1

t
:|ha,l(0)| + Z |ha,l(w7',l) - ha,l(wr—l,l)|
=1

§|ha,l(0)| + Z ‘ha,l(merl) — hai(zm)]
meN
0<z;<...<zp <1
SHha,l”v

<M.
- 38



Step 3: End of the proof. Let f* be a solution to P;. Let f * be a function in the feasible set of Py such that f* = f *
on [K] x G(wo,...,w;). From step 2, such a function exists. The objective function evaluated at f* is equal to the
objective function evaluated at f*. Since, from step 1, feas(P;) C feas(Ps), and f* is a maximizer over feas(Py), f*
must be a maximizer over both P; and Ps.

H Representation results for the ERM over cadlag functions with bounded sectional
variation norm

H.1 Empirical risk minimization in the hinge case

The following result shows that empirical risk minimization over F""9¢, with Fy the class of cadlag functions with
bounded sectional variation norm.

Lemma 18 (Representation of the ERM in the hinge case). Consider a class of policies of the form F""9¢, as defined
in (6), derived from F, as defined in (13). Let ¢ = @"i"9¢. Suppose we have observed (W1, A1,Y:), ..., Wy, Ay, Yz)
and let W1, ... Wy, be the elements of G(W1, ..., Wy).

Let (B%)ac(k),jc[m) be a solution to

{A; =a}
g;&mz > {gT 1Y)

T=1a€[K]

X max 0,1+Z@;‘1{WT > W;} }

J=1

s.t. Yl € [m 225“1{m>W}_0

a€[K]j=1

va e (K], 3182 < M.
=1

Then f : (a,w) — ZJ 1 Bi{w > W;} is a solution to min e rra ZT L2()(0;).

H.2 Formal definition of the Vitali variation and the sectional variation norm

We now present in full generality the definitions of the notions Vitali variation, Hardy-Krause variation and sectional
variation norm. This requires introducing some prelimiary definitions. This section is heavily inspired from the
excellent presentation of Fang et al. [2019], and we write it instead of directly referring to their work mostly for
self-containdness, and so as to ensure matching notation.

Definition 6 (Rectangular split, rectangular partition and rectangular grid). For any d subvidisions
O=wp1 Swpo <. LW, =1, k=1,...,d,
of [0, 1], let
o P be the collection of all closed rectangles of the form w1 i, , w1 i, +1] X ... X [Wa,iy, Wd,iy+1),

o P* be the collection of all open rectangles of the form (w1 ;,, W1 4,41) X . X [Wa iy W, ig+1)-

e G the collection of all points of the form (w;,, ..., w;,).

Any collection of the form P is called a rectangular split of [0, 1)%, any collection of the form P* is called a rectangular
partition of [0, 1]¢ and any set of points of the form G is c%léed a rectangular grid on [0,1]%.



Definition 7 (Minimum rectangular split, partition and grid). Let wy, ..., w, be n points of [0, 1}‘1. We call minimum
rectangular split induced by w1, . . . , wy,, and we denote P(wy, . .., w.,), the rectangular split of minimum cardinality
such that wy, . .. ,wy, are all corners of rectangles in P(w1, ..., wy,). We define similarly the minimum rectangular
parition induced by w1, ... w,. We denote it P*(w1,...,w,). We define the minimum rectangular grid induced by
W1, . .., Wy, which we denote G(w1, . .., wy,), as the smallest cardinality rectangular grid that contains wy, . . . , Wy,

Definition 8 (Section of a function). Let s € [d], s # (), and consider f € D([0,1]%). We call the s-section of f, and
denote f, the restriction of f to the set

{(w1,...,wq) €[0,1]%:Vj € 5,w; = 0}.

Observe that the above set is a face of the cube [0,1]¢ and that f, is a cadlag function with domain [0, 1]1°!.

Definition 9 (Vitali variation). For any d > 1 and any rectangle R of the form [w1 1,w2.1] X ... X [w1,q4, W2 4] OF
[wi1,we1) X ... X [w1,q,Wa,q), such that forall k = 1,...,d, wg1 < wgo, let

J1 Jd
A (f,R) = Z Z (=)t fway 4 g1 (wig —wa), ..., wo,a + Ja(wia — waa)),

Jj1=0 Ja=0

where, forallk = 1,...,d, Jy = I(wz.q # w1.q4). The quantity A (f, R) is called the quasi volume ascribed to R
by f. The Vitali variation of f on [0,1]¢ is defined as

VO(£,00,1)%) = sup Y |AD(f,R),

ReP

where the sup is over all the rectangular partitions of [0, 1]°.

Definition 10 (Hardy-Krause variation and sectional variation norm). The Hardy-Krause variation anchored at the
origin of a function f € D([0,1]?) is defined as the sum of the Vitali variation of its sections, that is it is defined as the
quantity

Viko(f) = D V(S [0,1]").

0+5C[d)

The sectional variation norm of f is defined as follows:

[fllo = 1F(O)] + Vak.o(f)-

H.3 Proof of lemmas 5 and 18

The proof of lemmas 5 and 18 will easily follow from the following two results.

Lemma 19. Let f € Fy. Let 1, ..., 2, € [0,1]% Denote %1, ..., I, the elements of G(x1, ..., x,). Let

Fol@r,.ovn) = qam Y fil{w >3} ) |81 <M

j=1 j=1
Then
° fg(xl,...,xn) C F,
o there exists f € Fo(x1,...,xy) such that f and f coincide on G(xy, ..., xm) and ||fls < || f]o.
Lemma 20. Let fl, RN fq € ]}o(xl, ..o &p). Letan, ..., a4, B € R. Consider the inequality constraint
q ~
> afi<p.
=1

The following are equivalent. 40



1. fi,..., fq satisfy the inequality constraint everywhere on [0, 1]<.

2. fi,.-0, fq satisfy the inequality constraint everywhere at every point of G(x1, ..., Zp).

We relegate the proofs of the two above lemmas further down in this section. We can now state the proof of lemmas 5
and 18.

Proof of lemmas 5 and 18. The following arguments apply similarly to lemma 5 and lemma 18. We present the proof
in the direct policy optimization case. We proceed in two steps.

Step 1: the feasible set of (14) contains a solution the ERM problem over /¢ Let f be a solution to

t

i ) (0,). 21
fmin, 2 ((O) en
There exists fi,..., fx € Fo such that Va € [K], f(a,-) = fq(-). From lemma 19, there exists fi,..., fx that
coincide with fy,..., fx on G(z1,...,2,). Then the function f : (z,a) — f,(x) achieves the same value of the
objective in (21) as f.

Since fi,..., fx coincide with fi,...,fx on G(z1,...,2n), they satisfy the same inequality constraints as
f1s ..., fx (that is non-negativity, and summing up to 1) on G(z1, ..., x,). From lemma 20, fi,..., fx must satisfy
these constraints everywhere.

That fl, ceey f K are in JFy, satisty the positivity constraint, and sum to 1 everywhere, imply that that f defined above
is in F1d,

Step 2: The feasible set of (14) is included in 7/¢. This follows directly from lemmas 19 and 20. O

Proof of lemma 19. Let f be of the form z — > iy Bil{z > Z;} such that for every j € [m], f(#;) = f(&;). Let
us show that || f||, < || f]ls < M. We have that

V(f,[0,1)9) =sup > 1A(LR)

ReP
— e Y AR
P’:’PI’WP(JJM-MI”)RGP

P rect. split

> sup  |A(f,R)|
RE'P($1,...,$H)

=  sup  |A(/,R)
RGP(Il ..... :En)

=V (f.[0,1]%).

The second line in the above display follows from corollary 2. The third line follows from lemma 21. The fourth
line follows from the fact that, as |A(f, R)| only depends on f through its values at the corners of R, which, for R in
P(x1,...,xy,), are points of G(x1, ..., z,), at which f and f coincide. The last line follows from corollary 3.

The above implies that M > || f|l, > || f]lo = >y 1B

, where the last equality follows from lemma 22.

We have thus shown that for every f € Fy, we can find an f € Fo(xl, ..., Ty) that coincides with G(z1, ..., z,).

It remains to show that .7:'0(951, .oy Zpn) € Fo. Itis clear that the elements of Fo(xl, ..., &) are cadlag. From lemma
22, the definition of Fo(x1, . .., Z,) implies that its elements have sectional variation norm smaller than M. Therefore,

fo(Il,...,In)gfo. 41 D



H.4 Technical lemmas on splits and Vitali variation

H.4.1 Effect on Vitali variation and absolute pseudo-volume of taking finer splits

The following lemma says that the sum over a split of the absolute pseudo-volume ascribed by f increases as one
refines the split.

Lemma 21. Let f : [0,1]¢ — R. Let Py and Py be two rectangular splits of [0, 1]%. Define
PiNPy={RiNRy: Ry € Py, Ry € Pa}.
It holds that
DTIADYLR)I< Y |ALR)

ReP: R'€P1NP2

We relegate the proof at the end of this section. The following lemma has the following corollary.

Corollary 2. For any function f : [0,1]? — R and any rectangular split Py of [0, 1]%, the Vitali variation of f, which
we recall is defined as VD (f) = supp 0, siit 2o rep |A(f, R)| can actually be written as

VO = sip 3 IAGLR)L.
77’:77077@ ReP!
P rect. split

Proof of corollary 2. Observe that the set of rectangular splits {P N Py : P rect. split} is included in the set of all
rectangular splits. Therefore,

sup > A(LR < DAL B

P'=PNPy pepr Psplit
P’ rect. split

Lemma 21 implies the converse inequality:

sup D A(LR) = Y IA(L R

P'=PNPy pepr Psplit
P’ rect. split
We therefore have the wished equality. O

H.4.2 Vitali variation of piecewise constant functions

The following lemma characterizes the sum over a rectangular split of the absolute pseudo-volumes of a function that
is piecewise constant on the rectangles of that split.

Lemma 22. Let x1,...,7, € [0,1]¢ and let 71, . .., %, be the elements of G(x1, ..., ,). Consider a function f of
the form

from ) pil{x > aj},

j=1
It holds that
m
Varo(f) = Z |31
Jj=1
Corollary 3 (Vitali variation of rectangular piecewise constant function). Ler x1, ..., 2, € [0, 1}d, let T41,...,Z, be
the elements of G(x1, . . ., Ty), and consider a function f of the form

J
fix— Zﬂjl{x >z}
=142



Then

sup |A(FLR) = Y AR,
P rect. split REP (21,0 )
where P(x1,...,2y) is a minimal rectangular split induced by 1, . .., Tp,.
Proof of lemma 21. Consider a rectangle R € P(x1,...,2,). There exist k,I € [m] such that R = [Zj, Z;]. (Since
P(x1,...,x,) is a minimal split, we must have Z;, < Z; as otherwise the corresponding minimum grid would have

duplicate points and would therefore not be minimal). Observe that

A(f, [Er, 1)) Zﬂjl{ > 7}, [Tk, 7]
=8 2 AL =} o, @),

as the operator ' — A(f’, [Zx, Z;]) is linear. Let us calculate A(1{- > Z;}, [Ty, &;]) for every j € [m]. We have that

A > 25}, [Zx, 1))

= Z (=) + 51 (e — 1) > s Erd + Ja(@ra — Td) > Fja) - (22)
Ji,---3a€{0,1}

From there, we distinguish three cases.

Case 1: There exists ¢ € [d] such that Z;; > Z; ;. Then, all terms in (22) are zero and thus A(1{- > Z;}, [Tk, %)) =
0.

Case 2: 1, = Z;. Then, only the term in (22) corresponding to j; = ... = jq = 0 is non-zero and thus A(1{:
T}, [, 3]) = 1.

%

Case3: Z; < Z;and Z; # &;. Then denote

I :{Z S [d] : .fj,i = i‘m}
and I° =[d]\I.
As j # Z;, I° # (). Denote iy, .. ., i, the elements of I¢, where ¢ = |I¢|. Then
A > Wy}, [Tk, 7))
= Z (=1)Ftda ] LG 4 51 (Fk1 — F11) > Fjase - dnd + Ja(Fea — Tra) > Tja)
J15ja€{0,1}
= Z (=1t Hvi e 1, j; = 0}
Ji,..-3a€{0,1}
— (_1)ji1+---+jiq

Jigrerdiq€{0,1}

1 1 1
SDINEITD IEITI WD
Ji; =0 Jig=0 qu =0
=0.
Therefore, we have shown that, forall j = 1,...,m,

- . 1 ifz;, = Ty,
A > &;}, [k, 31]) = Tk
13 0 otherwise.



This implies that

|A(f, [k, @1]) = |Brl-

which concludes the proof.

O
Proof of corollary 3. From lemma 21,
sup > A(FR) = sup Y D AL R
P split ReP P’:Pﬂp(ml,..,,zn) REP’ REP!
P’rect. split
Consider a split P’ of the form P N P(zq,...,x,). We can write the corresponding rectangular grid as
Z1yee oy Tmy Tt 1y - - - Ty Where &1, . .., &y, are the points of G(z1,

., Zn). We can rewrite [ as

m

fix— Zﬁjl{x >z},

Jj=1

with B,,+1 = ... = By = 0. From lemma 22, we have that

ReP’

|A(f, R)I.

S IAARI=2IBI=D 8= ¥

REP(z1,...,Tn)
Therefore

sup YIAULRI= Y JA(LR)

P'=PNP(x1,--,&n) Re P’
P rect. split € REP(z1,...sTn)
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