
Supplement for The Hawkes Edge Partition Model

A INFERENCE

Next we shall explain the Gibbs sampling algorithm to infer the parameters of the Hawkes-EPM.

A.1 GIBBS SAMPLING

The conditional intensity function of the Hawkes-EPM, for the directed events from u to v, is

λu,vptq “ µu,v `
ř

j:tjPHv,k1,k,uptq

γk,k1pt´ tjq

“
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#
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Sampling latent variables tzsi , zdi uNi“1: For each event pti, si, diq, we utilize an auxiliary binary
variable bi to denote whether i-th event is triggered by the base rate (exogenous) or by opposite past
interactions (endogenous) as

pbi | ´q „ Bernoullipµsi,di{λsi,diptiqq. (2)
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where Catp¨q denotes the categorical distribution, and we define

qλsi,k,k1,diptiq ”
ř

j:tjPHdi,k
1,k,si

ptq

αkk1 expr´δpti ´ tjqs. (4)

Given the sampled latent variables, we update the sufficient statistics as

pmu,k,k1,v ”
ÿ

j

1pbj “ 1, sj “ u, dj “ v, zsj “ k, zdj “ k1q, (5)

qmu,k,k1,v ”
ÿ

j

1pbj “ 0, sj “ u, dj “ v, zsj “ k, zdj “ k1q.

The log-posterior of the observed temporal events D ” tpti, si, diquNi“1 is shown in Eq. 6
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Sampling the kernel parameters tαkk1u: As we place gamma priors over αkk1
as αkk1 „ Gammap1, 1q, and thus we have

pαkk1 | ´q „ Gamma p1` qm¨k,k1¨, (7)
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where qm¨k,k1¨ ”
ř

i qmsi,k,k1,di , and qm¨k,k1¨ denotes the total number of endogenous events associated
with the latent pattern pk, k1q.

Sampling the base intensity tµu,k,k1,vu: As we have gamma prior over µu,k,k1,v
as µu,k,k1,v „ Gammapµ̃u,k,k1,v, 1{pexpr´xT

u,vβkk1sqq, and thus we have

pµu,k,k1,v | ´q „Gamma
`

µ̃u,k,k1,v ` pmu,k,k1,v, 1{pT ` expr´xT
u,vβkk1sq

˘

, (8)

Marginalizing out µu,k,k1,v from the likelihood leads to

PrpD | xu,v,βkk1q “
ż

PrpD | µu,k,k1,vqPrpµu,k,k1,v | xu,v,βkk1qdµu,k,k1,v

9 NBppmu,k,k1,v; µ̃u,k,k1,v, σrx
T
u,vβkk1 ` logpT qsq,

where σpxq “ 1{p1 ` expp´xqq denotes the logistic function, and NBp¨q denotes the Negative-
Binomial distribution. Using the Pólya-Gamma data augmentation strategy (Zhou et al., 2012; Polson
et al., 2013), we first sample

pωu,k,k1,v | ´q „ PGpµu,k,k1,v ` pmu,k,k1,v, ψu,k,k1,vq,

pψu,k,k1,v | ´q „ N pµψ, σψq, (9)

where PG denotes a Pólya-Gamma draw, and where

ψu,k,k1,v ” xT
uvβkk1 ` logpTπuvq,

πuv „ logN p0, τ´1q

σψ “ rωu,k,k1,v ` τ s
´1,

µψ “ σψ
“

ppmu,k,k1,v ´ µu,k,k1,vq{2` τpx
T
uvβkk1 ` logpT qq

‰

,

where logN p¨q denotes the lognormal distribution.

Sampling the regression coefficients tβkk1u: Given tψkk1 ” pψ1kk11, . . . , ψUkk1V qu, we sample
tβkk1u as

pβk,k1 | ´q „ N pµβ ,Σβq, (10)

where Σβ “ pτX
TX`Aq´1, A ” diagrν´1

1 , . . . , ν´1
D s, µβ “ τΣβXT pψkk1 ´ logpT qq, and

X ” rx11, . . . ,xUV s
T.

The full procedure of our Gibbs sampler is summarized in Algorithm 1.

Algorithm 1 Gibbs Sampler for the Hawkes Edge Partition Model

Input: events data D “ tpti, si, diquNi“1, tΦ, Ωu inferred by the HGaP-EPM, maximum iterations
J

Output: tµu,k,k1,vu, tαkk1u, tpzsi , zdi qu
1: for l = 1:J do
2: for n = 1:N do
3: Sample bi (Eq. 2)
4: Sample the latent variables pzsi , z

d
i q (Eq. 3)

5: Update the intensity function λu,vptiq (Eq. 1)
6: end for
7: Update pmu,k,k1,v and qmu,k,k1,v (Eq. 5)
8: Sample the base intensities tµu,k,k1,vu (Eq. 8)
9: Sample the parameters tβkk1u, tωu,k,k1,vu, tψu,k,k1,vu (Eqs. 10; 9)

10: Sample the kernel parameters tαk,k1u (Eq. 7)
11: end for
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B BASELINE MODELS

The Hawkes Edge Partition Model (Hawkes-EPM) For each pair of nodes pu, vq, u, v P V , and
u ‰ v,

µu,k,k1,v „ Gammapµ̃u,k,k1,v, 1{pexpr´xT
u,vβkk1sqq,

µ̃u,k,k1,v ” φu,kΩk,k1φv,k1 ,

βk,k1 „ N p0,Aq,
αkk1 „ Gammape0, 1{f0q,

λu,vptq “
ř

k,k1

#

µu,k,k1,v `
ř

j:tjPHv,k1,k,uptq

αkk1 expr´pt´ tjq{δs

+

,

Nuvptq „ Hawkes Processpλuvptqq,

where A ” diagrν´1
1 , . . . , ν´1

D s.

The Hawkes Dual Latent Space (DLS) (Yang et al., 2017) For each pair of nodes pu, vq, u, v P V ,
and u ‰ v,

zv „ N p0, σ2Idˆdq,

µv „ N p0, σ2
µIdˆdq,

εpbqv „ N p0, σ2
ε Idˆdq,

xpbqv „ µv ` ε
pbq
v ,

λuvptq “ φ e´}zu´zv}
2
2 `

ÿ

j:tjPHv,uptq

B
ÿ

b“1

β e´}x
pbq
u ´xpbqv }

2
2 γbpt´ tjq,

Nuvptq „ Hawkes Processpλuvptqq.

The Community Hawkes Independent (CHIP) model

cu „ Categoricalpπ1, . . . , πkq, @u P V

λuvptq “ φcu,cv `
ÿ

j:tjPHv,uptq

αcu,cv expt´pt´ tjq{βcu,cvu,

Nuvptq „ Hawkes Processpλuvptqq.

The Hawkes Stochastic Block (Hawkes-SBM) model

cu „ Categoricalpπ1, . . . , πkq, @u P V

λk,k1ptq “ φk,k1 `
ÿ

j:tjPHk1,kptq

αk,k1 expt´pt´ tjq{βk,k1u,

Nk,k1ptq „ Hawkes Processpλk,k1ptqq.

The Mutually Exciting Hawkes processes (MHPs) model

λuvptq “ φ`
ÿ

j:tjPHv,uptq

B
ÿ

b“1

βb γbpt´ tjq,

Nuvptq „ Hawkes Processpλuvptqq.

Poisson process (PPs) model

λuvptq “ φuv,

Nuvptq „ Poisson Processpλuvptqq.
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C NUMERICAL SIMULATIONS

In this experiment we use synthetic data to evaluate the performance of the Hawkes-EPM in estimating
the kernel parameters. We consider a collection of nodes |V| “ 100, and K “ 4 latent communities.
We generated the base rate µk „ Uniformr0, 1s, and set the kernel parameters rα1, α2, α3, α4s “

r0.5, 0.88, 1.38, 1.96s, and δ “ 0.45. Via the derived Gibbs sampler, the Hawkes-EPM infers the
number of latent communities. As shown in Figure (1), the posterior distributions of the estimated
tαku concentrate toward the true values as the number of observed events is increasing.
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Figure 1: The posterior distribution of the estimated parameters tαku for the four simulations with
the number of events Ne. The dashed line indicates the true values of tαku.
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D ADDITIONAL RESULTS

Figures 2 to 4 present the additional plots of the intensities of the interaction events between the
nations: Iran (IRN)-USA, Israel (ISR)-Leban (LEB), Israel (ISR)-Palestin(PAL),Iraq (IRQ)-Israel
(ISR), Iraq (IRQ)-Kuwait (KUW), Iraq (IRQ)-Saudi Arabi (SAU), USA-Kuwait (KUW), Iraq (IRQ)-
Turkey (TUR), United Kingdom (UNK)-Iraq (IRQ).
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Figure 2: The plots show the intensity of interaction events among nations inferred by the Hawkes-
EPM in the Gulf dataset.
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Figure 3: The plots show the intensity of interaction events among nations inferred by the Hawkes-
EPM in the Gulf dataset.
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Figure 4: The plots show the intensity of interaction events among nations inferred by the Hawkes-
EPM in the Gulf dataset.
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