A  PROOF OF LEMMA 2

Proof. The proof technique is standard, and can be found in Zinkevich (2003); Hazan et al. (2016).

First, we prove the regret bound of (21). Note that by Definition 2, s}/ (x) is 27>G2-strongly convex. For convince, we
denote a1 = 1/(2?G?t), \* = 21>G?, and define the upper bound of the gradients of s} (x) as

e [ V7 (x) | = ma e + 207G (x — x)|| < G+ 27°GD = G,

By the update rule of x;}";, we have

It =l = [T (x* = s Vs () —
<% — Vs (x{°) — ul| (28)
=[x =l + oy [ Vs ()7 = 20041 (x)° —0) T Vs{ (x]7).
Hence,
x° —u x° —ul)?
2(x{° —u) ' Vs] (x]°) < I Hat+|1 i~ 4l +ai1(G°) (29)
Summing over 1 to 1" and applying definition 2, we get
T T 1
2302 ~23 et <3l (- L)+ 0 D
=1 =1 X+l M (30)
G*)”
S( /\S) (1+1logT)
Note thatn < D =oc- We have
aPG? 4nPG?
(GS)2 = G2 + 4°G3D + PG D? < G2 + LT di + n < m2G? = \°. (31)
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Next, we prove the regret bound of (22). We start with the following inequality

VO(x) (VO x)T =ngig] +4an’g:(x — x) Tgigl +Antgig] (x — x0)(x — x0) Tgig)
2
=n’gg, + 8 (4773(X —x¢) g+ 40t ((x — %) "ge) ) g/ (32)
=<2n’gig] = V20 (x)

where V2/}(x) denotes the Hessian matrix. The inequality implies that V2¢}(x) = V¢](x)(V{](x))T. According
to Lemma 4.1 in Hazan et al. (2016), £} (x) is 1-exp-concave. Next, we prove that the gradient of £](x) can be upper
bounded as follows

7
Vo (x)| < ’G’D < —— =G~
g}ea%{H G(x)|| <nG+2n"G=D 55D =G (33)

By Theorem 4.3 in Hazan et al. (2016), we have

T
t=1

(7 (u) < 5(1+G*D)dlog T < 10dlogT. (34)
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Finally, we prove the regret bound of (23). Note that the gradient of ¢;(x) is upper bounded by maxxep || Ve (x)|| <
7°G. Define m; = ﬁ. By the convexity of ¢;(x), we have Vu € D,

cr (x§) — ¢ (u) < (x§ —u) ' Ve, (x5). (35)



On the other hand, according to the update rule of x7, ;, we have

%,y — ufl? =[5 (x§ — m, Ve, (x5)) — u?
<[jxf — m¢Vey (x§) — ul|? (36)

=[x — ulf? + m?|| Ve, (x5) |2 — 2me (x§ —w) " Ve, (x5)

where the inequality follows from Theorem 2.1 in Hazan et al. (2016). Hence,

xf —ull* = |Ixfy1 —ul? :
< = +my|[Ver (x5) [P (37)
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Substituting the above inequality into (35) and summing over 7', we have

T
Z ci(x5) — ¢i(u) < Z (x§ —u)' Ve, (x5)
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. . . _ 1
where the last inequality is due to n° = SCDUT O





