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Abstract
We consider undiscounted reinforcement
learning in Markov decision processes
(MDPs) where both the reward functions and
the state-transition probabilities may vary
(gradually or abruptly) over time. For this
problem setting, we propose an algorithm and
provide performance guarantees for the regret
evaluated against the optimal non-stationary
policy. The upper bound on the regret is given
in terms of the total variation in the MDP.
This is the first variational regret bound for the
general reinforcement learning setting.

1

INTRODUCTION

A Markov decision process (MDP) is a discrete-time
state-transition system in which the transition dynamics
follow the Markov property (Puterman [1994], Bertsekas
and Tsitsiklis [1996]). MDPs are a standard model to express uncertainty in reinforcement learning problems. In
the classical MDP model, the transition dynamics and the
reward functions are time-invariant. However, such fixed
transition dynamics and reward functions are insufficient
to model real world problems in which parameters of the
world change over time. To deal with such problems, we
consider a setting in which both the transition dynamics and the reward functions may vary over time. These
changes can be either abrupt or gradual. As a motivation,
consider the problem of deciding which ads to place on
a webpage. The instantaneous reward is the payoff when
viewers are redirected to an advertiser, and the state captures the details of the current ad. With a heterogeneous
group of viewers, an invariant state-transition function
cannot accurately capture the transition dynamics. The
instantaneous reward, dependent on external factors, is
also better represented by changing reward functions.

For additional motivation and further applications, see
[Yuan Yu and Mannor, 2009a,b, Abbasi et al., 2013].

1.1

MAIN CONTRIBUTION

For reinforcement learning in MDPs with changes in reward functions and transition probabilities, we provide
an algorithm, Variation-aware UCRL, a variant of UCRL
with restarts [Jaksch et al., 2010], which restarts according to a schedule dependent on the variation in the MDP
(defined in Section 2 below). For reinforcement learning in an MDP with S states, A actions, diameter D, and
changes with a variation of V we derive for our algorithm
a high-probability upper bound on
√ the cumulative regret
after T steps of Õ(V 1/3 T 2/3 DS A). This bound is optimal with respect to time T and variation V and comple√
ments the known regret bound of Õ(L1/3 T 2/3 DS A)
for UCRL with restarts in MDPs with L abrupt changes,
when using a restart schedule dependent on L [Jaksch
et al., 2010]. In case when reward functions and transition probabilities change gradually, the latter bound becomes trivial when L is of order T 1/3 , while our bound
is still sublinear as long as the variation is sufficiently
small. To the best of our knowledge, our bounds are
the first variational bounds for the general reinforcement
learning setting. So far, variational regret bounds have
been derived only for simpler bandit settings [Besbes
et al., 2014, Chen et al., 2019].

1.2

RELATED WORK

Nilim and El Ghaoui [2005] consider MDPs with arbitrarily changing state-transition probabilities but fixed reward functions where it is assumed that the uncertainty
in the transition probabilities is state-wise independent.
They provide a robust dynamic programming algorithm
and prove that it is optimal with respect to the worst-case
performance in terms of the expected total cost.

Even-Dar et al. [2005] and Dick et al. [2014] consider the
problem of MDPs with fixed state-transition probabilities
and changing reward functions and measure the performance of the learner against the best stationary policy in
hindsight. Even-Dar et al. [2005] assume that the learner
has complete knowledge of all the previous reward functions (i.e., also for states not visited) and provide regret
bounds which depend on the mixing time. Dick et al.
[2014] model learning in MDPs as an online linear optimization problem and propose solutions based on variants of mirror-descent.
Yuan Yu and Mannor [2009a] and Yuan Yu and Mannor
[2009b] consider arbitrary changes in the reward functions and arbitrary, but bounded, changes in the statetransition probabilities. They also give regret bounds
that scale with the proportion of changes in the statetransition kernel and which in the worst case grow linearly with time.
Abbasi et al. [2013] consider MDP problems with (oblivious) adversarial changes in state-transition probabilities
and reward functions
and provide an algorithm which
√
guarantees O( T ) regret with respect to a comparison
set of stationary (expert) policies.

2

SETTING

We start with collecting some basic facts about Markov
decision processes (MDPs). In a (time-homogeneous)
MDP M = (S, A, r̄, p, s1 ) with a set S of S states,
a set A of A actions the learner starts in some initial
state s1 . At each time step t = 1, 2, . . . she chooses
an action at = a in the current state st = s, receives a
random reward rt with mean r̄(s, a) and observes a transition to the next state st+1 = s0 according to transition
probabilities p(s0 |s, a). Note that in a time-homogeneous
MDP mean rewards and transition probabilities only depend on the current state and the chosen action.
An MDP is called communicating, if for any two states s,
s0 , when starting in s it is possible to reach s0 with positive probability choosing appropriate actions. In communicating MDPs we define the diameter to be the minimal
expected time it takes to get from any state to any other
state in the MDP, cf. [Jaksch et al., 2010].
For acting in an MDP one usually considers stationary
policies π : S → A that fix for each state s the action π(s) to choose. The average reward ρ(M, π) of a
stationary policy π is the limit of the expected average
accumulated reward when following π, i.e.,
" T
#
X
1
ρ(M, π) := lim
E
rt .
T →∞ T
t=1

The optimal average reward ρ∗ (M ) = maxπ ρ(M, π)
in communicating MDPs is independent of the initial
state s1 and cannot be increased when using nonstationary policies [Puterman, 1994].
In the problem setting we consider the underlying MDP
is not time-homogeneous. Rather the mean rewards and
transition probabilities depend on the current step t. Accordingly, we write them as r̄t (s, a) and pt (s0 |s, a), respectively, and denote the (time-homogeneous) MDP at
step t by Mt = (S, A, r̄t , pt , s1 ). We assume that all
MDPs Mt are communicating with diameter Dt and denote by D a common upper bound on all Dt .
Obviously, in a nonstationary MDP the optimal policy
in general will not be stationary anymore. We are interested in online regret bounds after any T steps taken
by the learner. Accordingly, we consider the optimal expected T -step reward vT∗ (s1 ) that can be achieved by any
(time dependent) policy when starting in s1 , and define
the regret after T steps as
RT := vT∗ (s1 ) −

T
X

rt .

t=1

If there are no changes, this basically corresponds to the
standard notion of regret as used e.g. by Jaksch et al.
[2010] (apart from an additive constant of order D, cf.
footnote 1 ibid.). In the following, we assume that the
random rewards rt are always bounded in [0, 1].
2.1

DEFINITION OF VARIATION

We consider individual terms for the variation in mean
rewards and transition probabilities, that is,
VTr

:=

T
−1
X
t=1

VTp

:=

T
−1
X
t=1

max r̄t+1 (s, a) − r̄t (s, a) , and
s,a

max pt+1 (·|s, a) − pt (·|s, a)
s,a

1

.

These “local” variation measures can also be used to
bound a more “global” notion of variation in average reward defined as
VT :=

T
−1
X

ρ∗ (Mt+1 ) − ρ∗ (Mt ) .

t=1

Theorem 1. VT ≤ VTr + DVTp .
The proof of Theorem 1 is given in Section 5.1 below.
As an example of Ortner et al. [2014a] shows, the bound
of Theorem 1 is best possible.
While VT is a more straightforward adaptation of the notion of variation of Besbes et al. [2014] from the bandit

to the MDP setting, in the latter it seems more natural to
work with the local variation measures for rewards and
transition probabilities, as the learner does not have direct access to the average rewards of policies.

3

ALGORITHM

For reinforcement learning in the changing MDP setting, we propose Variation-aware UCRL (shown as Algorithm 1), which is based on the UCRL algorithm of
Jaksch et al. [2010].
UCRL is an algorithm that is based on the idea of being
optimistic in the face of uncertainty. It maintains estimates of rewards and transition probabilities (line 6) and
employs confidence intervals to define a set M of MDPs
that are plausible with respect to the observations so far
(line 7). When computing a new policy the algorithm
chooses the policy π̃ and the MDP M̃ in M that give the
highest average reward (line 8). UCRL employs this optimistic policy π̃ until the state-action visits in some state
have doubled (lines 9–10), when a new policy is computed. The time intervals in which the policy is fixed are
called episodes.
For the changing MDP setting, we use adapted confidence intervals (1) and (2) to account for the variation
in rewards and transition probabilities. The arising algorithm basically corresponds to the colored UCRL2 algorithm suggested by Ortner et al. [2014b] for reinforcement learning in MDPs with given similarities.
While the regret of Variation-aware UCRL contains a
term that is linear in the number of steps (cf. Theorem 11
below), we can obtain sublinear regret bounds by restarting the algorithm according to a suitable scheme shown
as Algorithm 2. Our restart schedule is optimized with
respect to the variation, as the regret bounds presented
in the next section will show. Note that the algorithm
needs (upper bounds on) the local variations VTr and VTp
as well as a bound D on the diameters Dt as an input.
Alternatively, an upper bound on the global variation VT
(replacing the term VTr + DVTp in the algorithm) could be
used as well, cf. Theorem 1.
The idea of restarting UCRL in the changing MDP setting has already been considered by Jaksch et al. [2010].
When a bound L on the total number of changes is
known, then using a restart schedule adapted to L gave
the following regret bound.1
1
Jaksch et al. [2010]
consider a slightly different notion of
P
regret defined as t (ρ∗t − rt ), where ρ∗t := ρ∗ (Mt ) is the
optimal average reward at step t. However, when there are at
most L changes, the difference to our notion of regret is only
of order LD.

Algorithm 1 Variation-aware UCRL
1: Input: States S, actions A, confidence parameter δ,
upper bounds Ṽ r , Ṽ p on the variation of rewards and
transition probabilities.
2: Initialization: Set current time step t := 1.
3: for episode k = 1, . . . do
4:
Set episode start tk := t.
5:
Let vk (s, a) denote the state-action counts for visits in current episode k, and Nk (s, a) be the counts
for visits before episode k.
6:
For s, s0 ∈ S and a ∈ A, compute estimates
P
rτ · 1sτ =s,aτ =a
,
r̂k (s, a) := τ
max(1, Nk (s, a))

# τ : sτ = s, aτ = a, sτ +1 = s0
p̂k (s0 |s, a) :=
.
max(1, Nk (s, a))
7:

Compute policy π̃k :
Let Mk be the set of plausible MDPs M̃ with rewards r̃(s, a) and transition probabilities p̃(·|s, a)
satisfying
|r̃(s, a) − r̂k (s, a)|
r
≤ Ṽ r +

8 log (8SAt3k /δ)
max (1,Nk (s,a)) ,

p̃(·|s, a) − p̂k (·|s, a)
r
≤ Ṽ p +
8:

(1)

1

8S log (8SAt3k /δ)
max (1,Nk (s,a)) .

(2)

Use extended value iteration (see Section 3.1.2 of
Jaksch et al. [2010]) to find a policy π̃k and an
optimistic MDP M̃k ∈ Mk such that
ρ̃k := ρ(M̃k , π̃k ) = max
ρ∗ (M 0 ).
0
M ∈Mk

Execute policy π̃k :
while vk (st , π̃k (st )) < max(1, Nk (st , π̃k (st )))
do
10:
Choose action at = π̃k (st ), obtain reward rt , and
observe st+1 . Set t = t + 1.
11: end for
9:

Algorithm 2 Variation-aware UCRL with restarts
1: Input: States S, actions A, confidence parameter δ,
variation parameters VTr and VTp , upper bound D on
diameters Dt .
2: Initialization: Set current time step τ := 1.
3: for phase i = 1, . . . do
4:
Perform UCRL
parameter δ/2τ 2
m
l with confidence
2

i
for θi := (V r +DV
steps.
p 2
T
T)
5:
Set τ = τ + θi .
6: end for

Theorem 2 (Jaksch et al. [2010]). In an MDP with
at most L changes, after T steps the regret of
UCRL restarted with confidence parameter Lδ2 at steps
 i3 
(L+1)2 for i = 1, 2, 3, . . . is upper bounded as
RT ≤ 65 · (L + 1)

1/3

T

2/3

q
DS A log

T
δ



with probability of at least 1 − δ.
Note that the restart schedule of Theorem 2 basically
2
corresponds to performing UCRL for ∼ Li 2 steps for
i = 1, 2, . . ., which is similar to our algorithm replacing L by the variation term VTr + DVTp .

4

MAIN RESULT

The following regret bound for Variation-aware UCRL
with restarts is our main result. The proof is given in the
next section.
Theorem 3. After any T steps, the regret of the restart
scheme for Variation-aware UCRL of Algorithm 2 is
bounded as
q
2
5
p 1/3 2/3
r
A log 16S δAT )
RT ≤ 74 · DS(VT + DVT ) T
with probability 1 − δ, provided that in each phase i the
variation parameters Ṽir , Ṽip are set to the respective
true variation values for phase i.
Obviously, the bound of Theorem 3 is better than the
bound of Theorem 2, when L is large but the variation
small as e.g. when having small gradual changes at any
time step. On the other hand, if there are L changes with
maximal variation, the bound of Theorem 3 is worse by
a factor of D1/3 .

We will frequently make use of Azuma-Hoeffding inequality, which we state here for convenience.
Lemma 4 (Azuma-Hoeffding inequality (Hoeffding
[1963])). Let X1 , X2 , . . . be a martingale difference sequence with |Xi | ≤ c for all i. Then for all  > 0 and
n ∈ N,
n
nX
o

2 
.
P
Xi ≥  ≤ exp −
2nc2
i=1
5.1

A PERTURBATION BOUND

We continue with establishing a perturbation bound on
the optimal average reward, which is a generalization of
Lemma 8 of Ortner et al. [2014a].
Lemma 5. Assume we have two MDPs M =
(S, A, r̄t , pt , s1 ), M 0 = (S, A, r̄0 , p0 , s1 ) on the same
state and action space. The MDP M may be non-timehomogeneous so that its mean rewards r̄t and transition
probabilities pt are allowed to depend on time t. We
assume that M 0 is time-homogeneous and communicating with optimal policy π 0∗ , such that for all steps t =
1, . . . , T ,
max r̄t (s, π 0∗ (s)) − r̄0 (s, π 0∗ (s)) ≤ ∆rt (s),
s

max pt (·|s, π 0∗ (s)) − p0 (·|s, π 0∗ (s))
s

ANALYSIS

We start with some preliminaries. First, we introduce the
Poisson equation for the optimal policy in a communicating MDP. That is, the mean rewards r̄(s, π ∗ (s)) under
an optimal policy π ∗ and the respective optimal average
reward ρ∗ are related
equation ρ∗ (M 0 ) −
P 0via0 the Poisson
∗
∗
r̄(s, π (s)) = s0 p (s |s, π (s)) · λ(s0 ) − λ(s), where
λ is the so-called bias function for π ∗ , cf. [Puterman,
1994]. It holds that each λ(s) as well as the span of
the bias function Λ := maxs λ(s) − mins0 λ(s) is upper
bounded by the diameter, cf. [Jaksch et al., 2010, Bartlett
and Tewari, 2009].

≤ ∆pt (s).

If π 0∗ is performed on M for T steps, then denoting by st
the state visited at step t it holds that
T ρ∗ (M 0 ) −

T
X

r̄t (st , π 0∗ (st ))

t=1

≤

T
X


Λ0 ∆pt (st ) + ∆rt (st )

t=1

With respect to the variation and the horizon, our bound
is optimal, as bounds of Õ(V 1/3 T 2/3 ) are already best
possible in the bandit setting as shown by Besbes et al.
[2014].

5

1

+

T X
X


pt (s0 |st ) · λ0 (s0 ) − λ0 (st ) ,

s0

t=1

where λ0 is the bias function and Λ0 the respective bias
span of π 0∗ on M 0 .
Proof. The proof is a modification of the proof of
Lemma 8 in Appendix A of [Ortner et al., 2014a]. Abbreviating r̄t (s) := r̄t (s, π 0∗ (s)), r̄0 (s) := r̄0 (s, π 0∗ (s)) and
pt (s0 |s) := pt (s0 |s, π 0∗ (s)), p0 (s0 |s) := p0 (s0 |s, π 0∗ (s))
in the following, we can write
T ρ∗ (M 0 ) −

T
X

r̄t (st ) =

t=1

≤

T
X
t=1

T
X


ρ∗ (M 0 ) − r̄t (st )

t=1

T
 X

ρ (M ) − r̄ (st ) +
r̄0 (st ) − r̄t (st )
∗

0

0

t=1

T
X

T
 X
ρ∗ (M 0 ) − r̄0 (st ) +
∆rt (st ).

(3)

The following corollary is a variant of Lemma 9 contained in the (unpublished) appendix of [Ortner et al.,
2014a].2

For bounding the first term in (3) we use that by the
Poisson equation forPpolicy π 0∗ on M 0 we have that
0 0
0 0
0
ρ∗ (M 0 ) − r̄0 (s) =
s0 p (s |s) · λ (s ) − λ (s). Accordingly, it holds that

Corollary 7. For two communicating MDPs M, M 0 that
satisfy the assumptions of Lemma 5 for time and state
independent values ∆r , ∆p (i.e., ∆rt (s) ≤ ∆r and
∆pt (s) ≤ ∆p for all s and all t) it holds that

≤

t=1

T
X

t=1

ρ∗ (M 0 ) − ρ∗ (M ) ≤ Λ0 ∆p + ∆r .


ρ∗ (M 0 ) − r̄0 (st )

t=1

=

T X
X

T X
X

0

0

0

T
1X
r̄(st , π 0∗ (st ))
T t=1

1 0p
Λ 2T log (1/δ) + Λ0 .
≤ Λ 0 ∆p + ∆ r +
T

ρ∗ (M 0 ) −


pt (s0 |st ) · λ0 (s0 ) − λ0 (s0 )

s0

t=1

+

0

s0

t=1

≤

Proof. From Lemmata 5 and 6 we have that with probability 1 − δ


p (s |st ) · λ (s ) − λ (st )
0

T X
X


p0 (s0 |st ) − pt (s0 |st ) λ0 (st )

t=1 s0

≤

T X
X

T
 X
pt (s0 |st )·λ0 (s0 ) − λ0 (st ) +
Λ0 ∆pt (st ),

s0

t=1

Choosing δ = 1/T this yields for T → ∞ and taking
expectations that
ρ∗ (M 0 ) − ρ∗ (M ) ≤ ρ∗ (M 0 ) − ρ(M, π 0∗ )

t=1

≤ Λ0 ∆p + ∆r .

whence the lemma follows together with (3).
For the analysis of the last term in the bound of Lemma 5
we can use the following result, which is a simple generalization of a technique used by Jaksch et al. [2010].
Lemma 6. Consider some MDP M = (S, A, r̄, p, s1 )
and let f : S → R be some function on the state
space of M . Then for any (possibly nonstationary) policy
choosing at each step τ action aτ in the current state sτ ,
it holds with probability at least 1 − δ,
T X
X

p(s0 |sτ , aτ ) · f (s0 ) − f (sτ )



Proof of Theorem 1. Let ∆rt := maxs,a |r̄t+1 (s, a) −
r̄t (s, a)| and ∆pt := kpt+1 (·|s, a) − pt (·|s, a)k1 . Then
by Corollary 7 and the assumption that the diameters of
all Mt are bounded by D we have for t = 1, . . . , T − 1
|ρ∗ (Mt+1 ) − ρ∗ (Mt )| ≤ D∆pt + ∆rt
and Theorem 1 follows by summing over all t.

s0

τ =1

≤F

q

2T log

1
δ



5.2

+ F,

where F := maxs f (s) − mins f (s) is the span of f .
Proof. Following an argument due to Jaksch et al. [2010]
we write
T X
X

p(s0 |sτ ) · f (s0 ) − f (sτ )

T X
X
τ =1


p(s0 |sτ ) · f (s0 ) − f (sτ +1 )

s0

+ f (sT +1 ) − f (s1 ).

OPTIMISM

We show that the set of plausible MDPs with high probability contains each MDP Mt the learner acts on in step t.
This is the theoretical justification for optimism, as it will
allow us to show in the next section that the true reward
can be upper bounded by the optimistic value ρ̃.
Lemma 8. With probability 1 − 5δ
6 , the set M(t) of
plausible MDPs computed at any time step t contains all
MDPs Mτ for τ = 1, . . . , T .



s0

τ =1

=

Corollary 7 allows to give the following quick proof of
Theorem 1.

(4)

Now f (sT +1 ) − f (s1 ) ≤P
F , while the sum is a martingale difference sequence τ Xτ with |Xτ | ≤ F . The
lemma follows by an application of Azuma-Hoeffding
(Lemma 4).

Proof. The proof is similar to the handling of failing confidence intervals for the colored UCRL algorithm given
in Appendix A.2 of Ortner et al. [2014b].
2

We note that a bound on the absolute value of the difference in average reward as stated in [Ortner et al., 2014a] will
in general depend on the bias spans resp. the diameters of both
MDPs, that is, the maximum of both values.

Fix a state-action pair (s, a), and let τ1 , τ2 , . . . be the
Nt (s, a) time steps at which action a has been chosen in
state s, i.e., (sτi , aτi ) = (s, a) for all i. For the analysis of the transition probability estimates p̂t computed at
step t we consider all vectors x indexed over the states
with entries ±1. Then writing x(s) for the entry in x
with index s we have


p̂t (·|s, a) − E p̂t (·|s, a) 1
X


p̂t (s0 |s, a) − E p̂t (s0 |s, a)
=
s0

≤

max

X

x∈{−1,1}S



p̂t (s0 |s, a) − E p̂t (s0 |s, a) x(s0 )

s0
Nt (s,a)

≤

max

x∈{−1,1}S

X
1
Xi (x),
Nt (s, a) i=1

In the following, we assume that the statement of
Lemma 8 holds, so that we need to consider the respective error probability only once.
5.3

In this section we consider the difference between the
optimal T -step reward and the optimal average reward.
First we recall the well-known fact that the optimal T step policy does not deviate by much from the optimal policy in respect to average reward, see e.g. Exercise 38.17 of Lattimore and Szepesvári [2019].
Lemma 9. Let M be a time-homogeneous and communicating MDP with diameter D and rewards in [0, 1].
Further let vT∗ (M, s) be the optimal T -step reward when
starting in state s. Then for any state s,
vT∗ (M, s) ≤ T ρ∗ (M ) + D.

where we set
Xi (x) := x(sτi +1 ) −

X

pτi (s0 |sτi , aτi ) x(s0 ).

s0

PNt (s,a)
Now
Xi (x) is a martingale difference sei
quence with |Xi (x)| ≤ 2 for any fixed x and fixed
Nt (s, a) = n so that by Azuma-Hoeffding (Lemma 4)
)
( n
q
X

δ
8SAt3
≤ S
.
P
Xi (x) ≥ 8Sn log
δ
3
8
SAt
i=1
S

A union bound over all 2 vectors x and all possible valδ
ues of Nt (s, a) shows that with probability 1 − 4SAt
2
s


8S log(8SAt3 /δ)
.
p̂t (·|s, a) − E p̂t (·|s, a) 1 ≤
max(1, Nt (s, a))
(5)
Finally, note that for any fixed Nt (s, a) we have


E p̂t (·|s, a) =

T -STEP VS. AVERAGE REWARD

Nt (s,a)
X
1
pτi (·|s, a),
Nt (s, a) i=1

so that for all τ


E p̂t (·|s, a) − pτ (·|s, a)

1

≤ VTp ,

which together with (5) shows that with probability 1 −
δ
4SAt2 the transition probabilities pτ (·|s, a) at each step τ
are contained in the confidence intervals (2) at step t.


For
r̂t (s, a) − E r̂t (s, a) as well as
 the rewards,

E r̂t (s, a) − r̂t (s, a) can be written as martingale difference sequences and Azuma-Hoeffding can be used
δ
to show that with probability 1 − 4SAt
2 , the rewards
r̄τ (s, a) at each step τ are contained in the confidence
intervals (1) for step t.
A union bound over all t andPall state-action pairs concludes the proof, noting that t 2tδ2 ≤ 5δ
6 .

Accordingly, the T -step reward in the changing MDP
setting can also bounded by the optimistic average reward ρ̃.
Lemma 10. Under the assumption of Lemma 8, for all k
and all s,
vT∗ (s) ≤ T ρ̃k + D.
Proof. Fix any k. As in Section 3.1 of [Jaksch et al.,
2010] we consider the following extended MDP M̃k+ that
corresponds to the set of plausible MDPs Mk . That is,
for any state s in S the extended action set contains for
each a in the original action set A, each value r̃(s, a) in
(1), and each transition probability distribution p̃(·|s, a)
in (2) a respective action with reward r̃(s, a) and transition probability distribution p̃(·|s, a). By the assumption that Lemma 8 holds, the true values for rewards
and transition probabilities at any step τ are contained in
these confidence intervals, so that there is a nonstationary T -step policy on M̃k+ whose expected T -step reward
is vT∗ (s). Therefore, for the optimal nonstationary T -step
reward on M̃k+ , denoted by ṽT , we have
ṽT ≥ vT∗ (s).

(6)

Further, as M̃k+ contains the original transition probabilities of each Mτ , its diameter is bounded by D. Hence, by
Lemma 9, ṽT ≤ T ρ∗ (M̃k+ ) + D. As ρ∗ (M̃k+ ) = ρ̃k (cf.
Section 3.1 of Jaksch et al. [2010]) this shows together
with (6) the lemma.
5.4

REGRET WITHOUT RESTARTS

As a next step, we derive the following regret bound
for Variation-aware UCRL without restarts (i.e. Algorithm 1).

Theorem 11. If the variation parameters are set to their
true values, that is, Ṽ r := VTr and Ṽ p := VTp , then after
any T steps the regret of Variation-aware UCRL without
restarts (i.e., Algorithm 1) is upper bounded by
q
3
+ 2T (DVTp + VTr )
32DS AT log 8SAT
δ
with probability 1 − δ. This bound also holds when the
algorithm starts in an initial state s1 that is different from
the initial state s∗1 of the optimal T -step policy we compare to.
For the proof we will use the following two basic facts
about UCRL (Proposition 18 and Lemma 19 of Jaksch
et al. [2010]), which can be derived from its episode termination criterion. As we use the same criterion these
results also hold for our variation-aware adaptation.
Lemma 12. The number of episodes K of Variationaware UCRLafter any T > SA steps is bounded by
T
.
SA log2 SA
Lemma 13.
K
XX

vk (s, a)
p

s,a k=1

max(1, Nk (s, a))

≤

√

2+1

√

r̄t (s, a) − r̃k (s, a)
≤ r̄t (s, a) − r̂k (s, a) + r̂k (s, a) − r̃k (s, a)
r

as well as
pt (·|s, a) − p̃k (·|s, a)

K
X

Tk ρ̃k + D.

12
δ



.

(8)

≤ 2Λ̃k

r̄(st , at ) +

t=1

≤

T
X

r̄(st , at ) − rt

k=1

q
+ 2T log



t=1
tk+1 −1

Tk ρ̃k −



VTp

r
+

8S log (8SAt3k /δ)
max (1,Nk (st ,π̃k (st )))



(10)

t=tk
tk+1 −1 

X

r
VTr

+

8 log (8SAt3k /δ)
max (1,Nk (st ,π̃k (st )))



(11)

t=tk

+

X

X

t=tk

s0


pt (s0 |st , π̃k (st )) · λ̃k (s0 ) − λ̃k (st ) ,
(12)

where λ̃k is the bias function of π̃k on M̃k and Λ̃k is
the respective bias span. Since by Lemma 8 the set of
plausible MDPs contains each MDP Mt and the diameter
of each Mt is bounded by D, the bias span Λ̃k ≤ D, cf.
[Jaksch et al., 2010, Bartlett and Tewari, 2009].3

r̄(st , π̃k (st ))
+ D.

≤ 2T (DVTp + VTr )
q
+ 2(D + 1) 8S log



8SAT 3
δ

K
XX
s,a k=1

≤

t=tk
12
δ

X

Accordingly, the sum of (10) and (11) over all episodes
is bounded by Lemma 13 as

rt

X

.

r̄(st , π̃k (st ))

tk+1 −1 

tk+1 −1

t=1

K 
X

X

Tk ρ̃k −

(7)

Combining (7) and (8) the regret is bounded as

= vT∗ (s∗1 ) −

8S
max (1,Nk (s,a))

1

By assumption Ṽ r = VTr and Ṽ p = VTp , and Lemma 5
gives

+2

t=1

T
X

+ p̂k (·|s, a) − p̃k (·|s, a)

t=tk

q

r̄(st , at ) − rt ≤ 2T log

T
X

1

log (8SAt3k /δ)

≤ VTp + Ṽ p + 2

Further, another application of Azuma-Hoeffding
(Lemma 4) shows that for the rewards rt collected by
δ
the algorithm with probability 1 − 12

RT = vT∗ (s∗1 ) −

1

≤ pt (·|s, a) − p̂k (·|s, a)
r

k=1

T
X

8 log (8SAt3k /δ)
max (1,Nk (s,a))

≤ VTr + Ṽ r + 2

tk+1 −1

SAT .

Proof of Theorem 11. First, let ρ̃min := mink ρ̃k . Then
denoting the length of episode k by Tk := tk+1 − tk
(setting tK+1 := T ), by Lemma 10 we have
vT∗ (s∗1 ) ≤ T ρ̃min + D ≤

reward ρ̃k on the underlying (non-time-homogeneous)
true MDP, and the rewards r̃k and the transition probabilities p̃k of M̃k satisfy the confidence intervals (1) and
(2) according to Lemma 8 so that

(9)

Now we are going to bound the term in the sum for each
episode k using Lemma 5. Indeed, we perform the optimal policy π̃k of the optimistic MDP M̃k with average

2T (DVTp
+2

√

+

√

vk (s,a)
max (1,Nk (s,a))

VTr )

q

2 + 1 (D + 1)S 8AT log

8SAT 3
δ



. (13)

3
Note that for the argument it would be sufficient if just one
of the MDPs Mt is plausible. However, for the restart scheme
of ALgorithm 2 we would need a plausible Mt in each phase.

The sum in (12) can be written as in the proof of
Lemma 6 as
tk+1 −1 

X

X

t=tk

s0

=

tk+1 −1 

T >


pt (s0 |st , π̃k (st )) · λ̃k (s0 ) − λ̃k (st )

X

X

t=tk

s0

0

0

pt (s |st , π̃k (st )) · λ̃k (s ) − λ̃k (st+1 )



Now λ̃k (stk+1 ) − λ̃k (stk ) ≤ D, so that summing over
all episodes gives by Azuma Hoeffding (Lemma 4) and
δ
Lemma 12 that with probability 1 − 12

≤

T X
X
t=1


pt (s0 |st , π̃k (st )) · λ̃k (s0 ) − λ̃k (st )

s0

k=1 t=tk

pt (s0 |st , π̃k (st )) · λ̃k(t) (s0 ) − λ̃k(t) (st+1 )



s0

+ KD
q
≤ D 2T log

δ
12



T
SA

+ DSA log2



,

(14)

where k(t) denotes the episode in which time step t occurs.
Thus, combining (9)–(14) taking into account the error
probabilities for (8), (14), and Lemma 8, we yield that
with probability 1 − δ the regret is bounded by
q

+ D + 2T (DVTp + VTr )
q
√

3
+ 2 2 + 1 (D + 1)S 8AT log 8SAT
.
δ
q


T
+ D 2T log 12
δ + DSA log2 SA

RT ≤

2T log

12
δ



and some simplifications analogous to Appendix C.4 of
Jaksch et al. [2010] give the claimed regret bound.
5.5

PROOF OF THEOREM 3

Finally, we are ready to give the proof of the regret
bound for the restart scheme of Algorithm 2. Abusing
notation we write Vir and Vip for the variation of rewards and transition probabilities in phase i and abbrevi 2
ate Vi := Vir + DVip , V := VTr + DVTp and θi := Vi 2 .
First, let us bound the number of phases N . Obviously,
step T is reached in phase N when
N
−1 l 2
X
i=1

N

X l i2 m
i m
<T ≤
.
2
V
V2
i=1

PN

i=1

i2 = 16 N (N + 1)(2N + 1) > 13 N 3

N −1
(N − 1)3
i m X i2
>
>
,
2
2
V
V
3V 2
i=1

N
−1 l 2
X
i=1

+ λ̃k (stk+1 ) − λ̃k (stk ).

K tk+1
X
X−1  X

Recalling that
we obtain

so that the number of phases is bounded as
√
3
N < 1 + 3V 2 T .

(15)

Writing τi for the initial step of phase i and s∗τi for the
(random) state visited by the optimal T -step policy at
step τi , we can decompose the regret as
vT∗ (s1 ) −

T
X

rt =

t=1

N 
i −1

X
 τX

E vθ∗i (s∗τi ) −
rt . (16)
i=1

t=τi

By Theorem 11 and a union bound over all possible values for state s∗τi , the i-th summand (i = 1, . . . , N ) in
(16) with probability 1 − 2τδ 2 is bounded by
i
q
2
5 p
32DS A log 16S δAT · θi + 2Vi · θi .
√
3
If 3V 2 T < 1, then we also have 3V 2 T < 1 and hence
3V 2 T 2 < T , so that
√
√
V T < 3 · V T < T.
Further, in this case by (15) we have N = 1 with θ1 = T
and V1 = V , so that the regret is bounded by
q
2
5 √
32DS A log 16S δAT · T + 2V T
q

 √
2
5
< 32DS A log 16S δAT + 2 · T ,
which is upper bounded by the claimed regret bound.
√
√
3
3
On the other hand, if 3V 2 T ≥ 1, then N < 2 3V 2 T
from (15) and summing over allPN phasesP
yields from
(16) that with error probability i 2τδ 2 < t 2tδ2 < δ
i
the regret is bounded by
q
N p
N
 i2

X
X
2
5
32DS A log 16S δAT ·
θi +2
Vi
+1
.
V2
i=1
i=1
Noting that using Jensen’s inequality
N p
X

θi ≤

√

N T ≤ 1.7 · V 1/3 T 2/3

i=1

and that also
N
N
 i2

N2

X
X
N2
Vi
+
1
≤
Vi
+1 ≤
+V
2
2
V
V
V
i=1
i=1
< 8.33 · V 1/3 T 2/3 + V,
concludes the proof, noting that the claimed bound holds
trivially if V ≥ T , so that we may assume that V < T
and hence V < V 1/3 T 2/3 .

6

DISCUSSION AND EXTENSIONS

been taken. Let M̂ be the set of MDPs with transition
probabilities of the form specified in (17). Then defining

The regret bound of Theorem 11 relies on the assumption
that the variation for rewards and transition probabilities
are known in advance. Accordingly it is necessary for the
restart scheme to know the respective variation terms for
each single phase. It is easy to check that if upper bounds
on these values are used to set Ṽ r and Ṽ p instead, the
regret bounds of Theorems 2 and 11 simply depend on
these upper bounds instead of the true values.
In principle, it is also possible to set the variation parameters Ṽ r and Ṽ p in Algorithm 1 to 0. Then Lemma 8 need
not hold anymore, that is, it is not guaranteed that the set
of plausible MDPs contains any of the MDPs Mt . Accordingly, we cannot rely on Lemma 10 anymore, which
is based on Lemma 8 and guarantees that the optimistic
average reward is an upper bound on the true reward.
However, taking into account the true variation one can
still establish an upper bound on the true reward.
Lemma 14. Let ρ̃ be the optimistic average reward computed when using the true variations VTr and VTp and
ρ̃0 be the optimistic average reward computed with variation parameters Ṽ r = 0 and Ṽ p = 0. Then
ρ̃ ≤ ρ̃0 + VTr + DVTp .
Proof. The rewards and transition probabilities of the respective optimistic MDPs M̃ and M̃ 0 with ρ̃ = ρ∗ (M̃ )
and ρ̃0 = ρ∗ (M̃ 0 ) differ by at most VTr and VTp , respectively. Hence the claim of the lemma follows by Corollary 7, recalling that the bias span of the optimal policy
in M̃ is bounded by the diameter D, cf. the proof of Theorem 11.
Thus, in principle one could use Lemma 14 to replace
Lemma 10 in the proof of Theorem 11. It is easy to check
that this works fine except for the second application of
Lemma 8 used to show that the bias span Λ̃ is bounded
by D. Indeed, the set of plausible MDPs M0 computed
with Ṽ r = 0 and Ṽ p = 0 need not contain any of the
MDPs Mt and hence there is no guarantee that it contains
an MDP with diameter bounded by D.
Still it is possible to obtain an alternative bound on the
bias span by observing that M0 contains with high probability an MDP where for each state-action pair (s, a)
there is a subset T of {1, 2, . . . , T } such that the transition probabilities under (s, a) are of the form
p(·|s, a) =

1 X
pt (·|s, a).
|T |

(17)

t∈T

The intution here is that the set T corresponds to the time
steps when a sample for the state-action pair (s, a) has

D̂ := max D(M )
M ∈M̂

to be the maximal diameter over all MDPs in M̂, one
has Λ̃ ≤ D̂ and the following regret bound holds when
setting the variation parameters to 0.
Theorem 15. With probability 1 − δ, the regret of
Variation-aware UCRL with variation parameters set
to 0 is upper bounded by
q
3
) + 2T (DVTp + VTr ).
RT ≤ 32D̂S AT log 8SAT
δ
Using Theorem 15, one can derive the following regret
bound for the restart scheme of Algorithm 2. Note that
the restart scheme still needs VTr + DVTp as input.
Theorem 16. With probability 1 − δ, the regret of the
restart scheme of Algorithm 2 with variation parameters
set to 0 in each phase is bounded by
q
2
5
RT ≤ 74D̂S(VTr + DVTp )1/3 T 2/3 A log 16S δAT ).
Similar bounds obviously also hold when the variation
parameters are set to any value smaller than the true variation. Note also that D ≤ D̂, as the set M̂ also contains
the MDPs Mt for each t. However, the following example shows that D̂ in general cannot be bounded by D and
in some even simple cases can be unbounded.
Example. Consider two MDPs M1 , M2 over the same
state space {s, s0 } and the same action space {a, a0 }.
In M1 the nonzero transition probabilities are given by
p1 (s|s0 , a) = 1, p1 (s0 |s, a) = 1/D, p1 (s|s, a) =
1 − 1/D, and p1 (s|s, a0 ) = p1 (s0 |s0 , a0 ) = 1. In
M2 the roles of a and a0 are swapped, that is, we
have p2 (s|s, a) = p2 (s0 |s0 , a) = 1, p2 (s|s0 , a0 ) =
1, p2 (s0 |s, a0 ) = 1/D, and p2 (s|s, a0 ) = 1 −
1/D. Obviously, both MDPs have diameter D. However, the MDP M with nonzero transition probabilities
p(s|s, a) := p2 (s|s, a) = 1, p(s0 |s0 , a) := p2 (s0 |s0 , a) =
1, p(s|s, a0 ) := p1 (s|s, a0 ) = 1, and p(s0 |s0 , a0 ) :=
p1 (s0 |s0 , a0 ) = 1 is contained in M̂, but does not have
finite diameter, as the states s, s0 are not connected.
To conclude, we note that recently variational bounds
for the (contextual) bandit setting have been derived also
for the case when the variation is unknown [Chen et al.,
2019]. Achieving such bounds in our setting seems not
easy, as sampling a particular state-action pair usually
causes some transition costs.
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