Near-Orthogonality Regularization in Kernel Methods
— Supplementary Material

1 ADMM-Based Algorithms
1.1 Detailed Derivation of Solving A
Given H € RE*K where Hy; = (f;, f;), the sub-problem defined over A is
mina  AD,(A,T) — (P,A) — (Q".A) + £[H — A} + 5[HT — A|%. (1)

D4 (A, 1) has three cases, which we discuss separately.
When Dy (A, I) is the squared Frobenius norm, the problem becomes

ming  AJA —I|2 — (P,A) — (Q",A) + §||H - A% + 4[HT — A2 @)
Taking the derivative and setting it to zero, we get the optimal solution for A:
A=02\N+P+Q" +pH+HT))/(2\+2p). (3)
When D, (A, 1) is the log-determinant divergence, the problem is specialized to

mina  A(tr(A) — logdet(A)) — (P, A) — (QT, A) + & H — A2 + §|HT — A|2

s.t. A>0 @)
Taking the derivative of the objective function w.r.t A and setting it to zero, we get
A2+ I -P-Q" —p(H+HT))A - 21=0. ()
Let B = %(/\I ~-P-Q" —p(H+HT)),C= —%I, Eq.(5) can be written as
A2+ BA+C=0. (6)
According to (Higham and Kim, 2001), since B and C commute, the solution of this equation is
A=-1B+1VB?-4C. (7

Taking an eigendecomposition of B = ®X® ', we can compute A as A = PSP ', where Sisa diagonal matrix
with
1 4N

- 1
Yk = —=2kp + = 2 o4+ .

Since 4 /Eik + % > Yk, we know f]kk. > 0. Hence A is positive definite.

When Dg(A,T) is the von Neumann divergence, the problem becomes

mina  Atr(Alog A — A) — (P, A) — (QT,A)+ £|H — A[3 + §[HT — A|l2

s.t. A=0 ®)



Setting the gradient of the objective function w.r.t A to zero, we get
Mog A +20A =P+ QT +p(H+HT). )

LetD = P+ Q" + p(H+ H'). We perform an eigendecomposition of D = X&' and parameterize A as
A = &3P, then we obtain
AMog A +2pA = ®(Alog X + 2pX)@ . (10

Plugging this equation into Eq.(9), we get the following equation:
AogE +2p8 =3 (11)

which amounts to solving K independent one-variable equations taking the form

Aog Sii + 2pS; = By (12)
where ¢ = 1,--- | K. This equation has a closed-form solution:
o (- log(3)
By = —= = (13)
2p

~

where w(-) is the Wright omega function Gorenflo et al. (2007). Due to the presence of log, 3;; is required to be
positive and the solution always exists since the range of \log 3;; + 2p%;; and X;; are both (—oo, 00). Hence A is
guaranteed to be positive definite.

1.2 ADMM-Based Algorithm for BMD-KSC

BMD-KSC has two set of parameters: sparse codes {a,, })_; and a dictionary of RKHS functions {f;} % . We use a
coordinate descent algorithm to learn these two parameter sets, which iteratively performs the following two steps: (1)
fixing {fi} 5, solving {a, }N_,; (2) fixing {a,}2_,, solving {f;}X£ ,, until convergence. We first discuss step (1).
The sub-problem defined over a,, is

mina, 31k, ) = S0 anifillf + Adllan (14

[k(Xn, ) = S5 anifill3, = k(Xn,%n) — 2a] h + a] Ga, where h € RX, h; = (fi, k(x,,-)), G € RE*K and
Gi; = (fi, [;)- This is a standard Lasso (Tibshirani, 1996) problem and can be solved using many algorithms.

Next we discuss step (2), which learns {f;} X using the ADMM-based algorithm outlined in the main paper. The
updates of all variables are the same as those in BMD-KDML, except f;. Let b,; = k(x,,-) — Zj;z an;f;, the
sub-problem defined over f; is:

ming, 3300y lbns — anifill3, + ZIAil3, + Cois fo) + 32500 Pafin £i) + 2055, Quilfis /)
+8 I (Fir i) — A2 + 8 25 (fin fi) — Aji)?

This problem can be solved with functional gradient descent. The functional gradient of the objective function w.r.t f;
is

5)

N K
Z Ani(anifi — bni) + Xofi +9i + Z(Pij + Qij +2p(fi, fj) — p(Aij + Aji)) f; (16)
n=1 j=1

2 Proof of Lemma 1

For the ease of notation, we use (-, -) to denote the inner product in the RKHS and || - || to denote the Hilbert norm. To

prove Lemma 1, we need the following Lemma, which is an extension of Lemma 4 in (Xie et al., 2015a) from vectors
to RKHS functions.

Lemma 2. Let F = {f;} | and G be the Gram matrix defined on F. Let g be the functional gradient of det(G)
w.rt f;, then (g}, f;) = 0 forall j # i, and (g;, f;) > 0.



Proof. We decompose f; into f; = fH + fit. f” is in the span of F/{f;}: f” Z#Z a;fj, where {a;} 5 jzi are the
linear coefficients. f;- is orthogonal to F/{f;}: (f;-, f;) = 0 forall j # i.
Let c; denote the j-th column of G. Subtracting Zj;l ajc; from the i-th column, we get

(fr.fr) - 0 o {f1 fK)
(fos 1) 0 (e fr)
o) 0 (e f)
Expanding the determinant according to the i-th column, we get
det(G) = det(G_;)(f;", ) (18)

where G_; is the Gram matrix defined on F/{ f;}. Then the functional gradient g/ of det(G) w.r.t f; is det(G_;) f;",

which is orthogonal to f; for all j # 4. Since G is full rank, we know det(G) > 0. From Eq.(18) we know (f;-, f:)
is non-negative. Hence (¢!, f;) = det(G_;){f-, f;) > 0. O

Now we are ready to prove Lemma 1. Some of the proof techniques draw inspiration from (Xie et al., 2015a). We first
compute 5;;:

§__ — |<j‘\lvf/;>‘ — |<fi+779i7fj+ngj)| (19)
ST \/Hfi+779i|\2\/\|fj+ng7‘||2

The functional gradient of log det(G) w.r.t f; is computed as g/’ = det(G) g5. According to Lemma 1 and the fact that
det(G) > 0, we know (g/, f;) = O forall j # 4, and (g, f;) > 0. Then we have

i + 19, fj +n95)|

(fi+n(2fi —2g1"), fi +n(2f; —24)))]

é(l +2n)fi — 2ngi’, (1 + 2n) f; — 2ng})| (20)
(

L+ 20)2(fi, £5) + 4 (gl g7)
an~(g;",95")
Fir FIICL + 20)2 4 AL0E90))

and

-1
I fi+ng:ll?

RV \2+2n<f@-,gi>+n?ugiw

— : 1)
\/”fb” -+ n||<fflugl>+nulgﬁg2)
- 2’I<f1 gi) 4 n2llg; |2
|\f1\|\/1+ T T AP
According to the Taylor expansion, we have
1 1
1+x:1—§$+0(x) (22)
Then (fi,9:) ?llgill? (fi,9:) ?|lgi ]|
1 1 _ 1/2n{fi,g: n-1lgi 2n(fi,gi n_llg:
N ETTE R L= 3G + i) + o + i) (23)
017 712
where
2n(fi,gi 20(fi,2fi—29;") _ fir9;
i e a2 @4
Hence o
1
=1-2n+ 277 +o(n)
nitigi) | n2lgil? || 1 (25
\/Hz}uf ERAL



and

L L = (1—2q)% + 2q(Us) 1 290y 4 o)
T 20(f5.9;)  n2lg; 2 FAE [FE (26)
\/Hh\\(ﬁ-ng A \/1+ nuf,-ugj * 7Hf,-ﬂ2
Then
. (7)) g )
Sy o= il 20y +#‘((1_2’7)Q+2"(<ﬁ5ﬁ\ R gn’ )+ o)
[{fi, 30 4n° (g .97) (fo.91y | {f5:97)
> iy (1 20)° +< A (1= 20) + 20(g55" + ) + o) @7)
= Sij(1+277(<ﬁc“7|b> + 7 7” ) +o(n))
> S

This holds for all 4, j, hence s(F) > s(F). The proof completes.

3 Proof of Theorem 1

For the ease of presentation, we use n to denote the number of data examples. Note that this number is denoted by
N in the main paper. Some of the proof techniques draw inspiration from (Xie et al., 2015b). A well established
result in learning theory is that the generalization error can be upper bounded by the Rademacher complexity. We start
from the Rademacher complexity, seek a further upper bound of it and show how s(F) affects this upper bound. The
Rademacher complexity R,,(.A) of the loss function set A is defined as

Rn(A) = E[supye g3 >oimy ol (u(xi, yi), ti)] (28)

where o; is uniform over {—1, 1} and {(x;,y;, ;) }?; are i.i.d samples drawn from p*. Another form of Rademacher
complexity Bartlett and Mendelson (2003) can be written as R (A) = E[sup,c 4 |2 >0, 0l(u(x;, y:),t:)|]. The
Rademacher complexity can be utilized to upper bound the estimation error, as shown in Lemma 3.

Lemma 3. (Anthony and Bartlett, 1999; Bartlett and Mendelson, 2003; Liang, 2015) With probability at least 1 —

L) = D(u) < 4R (A) + 71 22282/0) (29)

n

fOV Y Z Supx,y,t,u |€(U(X7 Y)a t)|

Our analysis starts from this lemma and we seek further upper bound of R, (.A). The analysis needs an upper
bound of the Rademacher complexity of the hypothesis set F, which is given in Lemma 4.

Lemma 4. Let R,,(F) denote the Rademacher complexity of the hypothesis set F, then

8B(k)?B’(k,C)’K
R (F) < S s (30)

Proof. LetV = {v: (x,y) = (f(x) — f(y))?, f € H} denote the set of hypothesis v(x,y) = (f(x) — f(y))?, we
have

(f5(xi) = f5(y:))?]

M=

RaU) = Elsup,ey

ag;
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LetG = {g: (x,y) — f(x) — f(y),f € H} denote the set of hypothesis g(x,y) = f(x)

~ f(y) and h(z) =

x2,

then R)|(V) = R(h o g). h(0) = 0 and h is Lipschitz continuous with Lipschitz constant L, which can be bounded

as follows
L

supyeq 1)

SUP¢ x y 2|f(X) - f(Y)‘
Lsupya | F(0)

48upf,x |<f7 k(X, )>|
dsup oy |G, )|
4B(k)B'(k, C)

ININININA

(32)

According to the composition property of Rademacher complexity (Theorem 12 in Bartlett and Mendelson (2003)),

we have
R |(hog) <4B(k)B'(k,C)Ry(9)
Now we bound R|(g):

Rilg) = Elsupyegl2 X0, i f(xi) — fly))l]
= Blsupgeq 5 iy ai((f kxis ) = (F k(i )]
< 2E[sup,cq I/l S0y o4k (x ) — k(v I
< BRI ok ) — by )]
= 2Wp R[S0 ok, ) — Ky, )]
< ZB’“E( DIVE S, 0i(k(xs, -) — E(yi, ))[7]] (concavity of /)
= ZWR, o WVEI L, o2k, ) — k(ya )P (Vi # j oi 1L o))
= 28U ST TR — ksl
rfk E(x7y)[\/2?=1(k(xivxz) +k(yi,yi) — 2k(xi,yi))]
< 4B(k)B’(k

Jn

Putting Eq.(33) and Eq.(34) together, we have

16B(k)?B'(k,C)?
NG

R (V) <

Plugging into R,,(U) < ER; (V) completes the proof.
2 Y|

In addition, we need the following bound of u(x,y).

Lemma 5.
sup u(x,y) < J

where J = 4B(k)?B'(k,C)?((K — 1)s(F) + 1).’ |
Proof. LetF = [f;, -, fx]. We have
uxy) = L(fi00 — f)?
= ) —

Z] 1(<f]a (Xv <f]7 ( a')>)2
IE T (k(x, ) = k(y,)I?

< [F73 ||k(x, ) = k(y ')2||2
= |IFI3 IIk( ) = k(y. )l
< (k%) + k(v y) - 2K(x, Y)IFEIZ,
< AB'(k,C)?|F3,
where || - ||, denotes the operator norm.
IFZ, = supjaj,—1 [Fall3

SUD|a||,=1 a'F'Fa

SUP|ja||,=1 ZiKﬂ ZK:1 a;ia;{fi, f;)

SUPafamt Soie e laillagl|Fll1£1l] cos 651
SUP|jafly=1 Yorey Dorey |ail|aj| B(k)?] cos 0y

IA A IA

B(k)? supjjaj,=1 (Ciey Yros lasllag|s(F) + Y0 a?)

(33)

(34)

(35)

(36)

(37

(38)



where 6;; is the angle between f; and f;. Define a’ = [|a1|, -, |ax[]T, Q € RE*E: Q,;; = s(F) for i # j and
Qii = 1, then [|a’||2 = [|a]| and

HF”gp B(k)Q SllpHa/H2:1 a/TQEI,
B(k)? supjjar,=1 A1 (Q) 2’13 (39)

B(k)*21(Q)

IA A IA

where A1 (Q) is the largest eigenvalue of Q. By simple linear algebra we can get A;(Q) = (K — 1)s(F) + 1, so

IF5, < B(k)*((K — 1)s(F) +1) (40)
Substituting to Eq.(37), we have
u(x,y) < 4B(k)*B’(k, C)*((K — 1)s(F) + 1) (41)
Then sup, , , [u(x,y)| < J with
J =4B(k)*B'(k,C)*((K — 1)s(F) + 1) (42)
The proof completes. O

Given these lemmas, we proceed to prove Theorem 1. Since | azéz((:’;))’t) | < 1+exp(iu(x 57 < 1+ex11)(7J) (u(x,y),t)

is Lipschitz continuous with respect to the first argument, and the constant L is m. Applying the composition
property of Rademacher complexity, we have

1

Rn (A) < H—TP(—J)

Ra(U) (43)

Using Lemma 4, we have

8B(k)?B’(k,C)’K
RnlA) < “remiive “)

In addition, sup, y ;,, [€(u(x,y),t)| < log(1 + exp(J)) Substituting this inequality and Eq.(44) into Lemma 3 com-
pletes the proof.

4 Proof of Theorem 2

First, we derive an upper bound of the Babel function Tropp (2004):

pr({fitis) el e DX e 2ien [ Bl
S e e max s Zgea il flls(F) (45)
< mB?(k)s(F)

In Theorem 14 of Vainsencher et al. (2011), we set the upper bound of jrc 1 ({f;}X,) to mB2(k)s(F), then get
Theorem 2.

5 Visualization

Given the learned RKHS functions {f;}X,, we compute a K x K matrix S where S;; is the absolute value of the
cosine similarity between f; and f;. Then we visualize this matrix using a heatmap obtained by the image sc function
in MATLAB. Figure 1 shows the heatmaps of the matrices learned by different methods on the MIMIC-III dataset. The
number of RKHS functions was fixed to 200. For all matrices, the diagonal entries equal to 1. From the visualization,
we observed the following. For BMD-KDML methods KDML-(SFN,VND,LDD)-(RTR,RFF), the heatmaps have low
energy on the off-diagonal entries, which indicates that these matrices are close to an identity matrix and hence the
learned RKHS functions are close to being orthogonal. For the unregularized KDML, the heatmap has high energy on
the off-diagonal entries. The matrices of KDML-(DPP,Angle) have lower energy compared with KDML and KDML-
SHN, but their energy is higher than BMD-KDML methods.



KDML KDML-SHN KDML-DPP KDML-Angle

KDML-SFN-RTR KDML-VND-RTR KDML-LDD-RTR

KDML-SFN-RFF KDML-VND-RFF KDML-LDD-RFF

Figure 1: Heatmaps of the Pairwise Cosine Similarities
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