Appendix

1 PROOFS

In this section, we provide proofs for all the lemmas and theorems in the main paper. We always assume that
a class-conditional extension of the Classification Noise Process (CNP) (Angluin & Laird, 1988) maps true
labels y to observed labels s such that each label in P is flipped independently with probability p; and each
label in N is flipped independently with probability pg (s < CNP(y, p1,po)), so that P(s = sly = y,z) =
P(s = sly = y). Remember that p; + py < 1 is a necessary condition of minimal information, otherwise we
may learn opposite labels.

In Lemma 1, Theorem 2, Lemma 3 and Theorem 4, we assume that P and N have infinite number of examples
so that they are the true, hidden distributions.

A fundamental equation we use in the proofs is the following lemma:
Lemma S1 When g is ideal, i.e. g(x) = g*(x) and P and N have non-overlapping support, we have
g9(@) = (1= p1)- 1Ly =1]] + po - L[[y = 0]] ()

Proof: Since g(x) = g*(«) and P and N have non-overlapping support, we have

9(x) =g*(x) = P(s = 1|z)

=P(s=1ly=12) - Ply=1[z) + P(s = 1|y = 0,z) - P(y = O|z)
=P(s=1ly=1) - P(y =1]z) + P(s = 1|y = 0) - P(y = Olz)
=(1—=p1) - L[y = 1]] + po - L[[y = 0]]

1.1 PROOF OF LEMMA 1

Lemma 1 When g is ideal, i.e. g(x) = g*(x) and P and N have non-overlapping support, we have

{15@,=1 ={zePls=1},N,oy = {z € P|s =0} o

P,—o = {z € N|s = 1}, Ny—o = {z € N|s = 0}

Proof: Firstly, we compute the threshold LB,—; and U B,—( used by I:’yzl, Ny—1, Py—o and Ny:o. Since P
and N have non-overlapping support, we have P(y = 1|z) = 1[[y = 1]]. Also using g(z) = ¢g*(x), we have

4 (s =1lz,y =1)P(y = l|z) + P(s = l|z,y = 0)P(y = O|z)]
=E,plP(s=1ly=1)P(y = 1|z) + P(s = 1|y = 0) P(y = 0[)]
=(1=p1)(1 —m) + pomi 3)

Similarly, we have
UBy—o = (1 — p1)mo + po(1 — mo)

Since m; = P(y = 0|s = 1), we have m; € [0, 1]. Furthermore, we have the requirement that p; + pp < 1,

thenm=1w1111eadto,o1:P(520|y:1):1—P(s=1|y=1):1-%:1—0:1



which violates the requirement of p; + pg < 1. Therefore, 71 € [0, 1). Similarly, we can prove my € [0, 1)
Therefore, we see that both LB,—; and U B,— are interpolations of (1 — p;) and py:

Po <LBy:1 §1—P1
po <UBy—o <1—p1

The first equality holds iff m; = 0 and the second equality holds iff 7o = 0.

Using Lemma S1, we know that under the condition of g(xz) = ¢*(z) and non-overlapping support, g(z)
(1= p1)-1[[y = 1]] + po - 1[[y = 0]]. In other words,

g(x) > LBy—1 < x € P
g(x) <UBy—o <z €N
Since

Pyt = {a € Plg(x) > LBy}
Ny—1 ={z € N|g(z) = LBy}

=0 = {z € P|g(m) < UBy—o}
Ny—o ={z € N|g(z) <UBy=0}

where P = {z|s = 1} and N = {z|s = 0}, we have

P,oy ={x € P|s=1},N,—; = {x € P|s = 0}
P,—o = {x € N|s =1}, Ny—g = {z € N|s = 0}

1.2 PROOF OF LEMMA 2

‘We restate Theorem 2 here:

Theorem 2 When g is ideal, i.e. g(x) = g*(z) and P and N have non-overlapping support, we have

~conf ~conf

P1 = P1, P = Po
Proof: Using the definition of 5°°"/ in the main paper:

sconf _ |Ny:1|

sconf |]5y:0|
1 =

Nyml 1m0 7 I Bymol + 1Nyl
Since g(x) = g*(z) and P and N have non-overlapping support, using Lemma 1, we know
{Py_l —{rePls=1},Ny_y = {z € P|s =0}
Py—o={x € N|s=1},Ny—o = {x € N|s =0}
Since p; = P(s = 0|y = 1) and py = P(s = 1|y = 0), we immediately have

wconf Hx €Pls=0} conf _ H{zEN|s=1}
P =" p = PLP = =
' |P| 0 V]



1.3 PROOF OF LEMMA 3

We rewrite Lemma 3 below:

Lemma 3 When g is unassuming, i.e., Ag(x) = g(x) — g*(x) can be nonzero, and P and N can have
overlapping support, we have

LBy = LBi_, + E,_p[Ag(x)] — “plifJOAp
UByo = UBjo + B, Bg@)] + S22 Ay,

~conf __ —p1— P (4)
P1 L =P+ \AP11|+\ANT | AN |
P = po+ e taR (AP
where
__|PNN|

Apo := [pON]

AP, ={z € Plg(z) < LBy=1}

AN, ={z € N|g(z) > LBy=1} (5

APy = {x € Plg(x) < UBy—o}
ANy = {$ S N|g($) > UBy:Q}

Aconf

Proof: We first calculate LB,_, and U By—, under unassuming condition, then calculate p ,4 =0, 1 under

unassuming condition.
Note that Ap, can also be expressed as

PN N
Po = 1PUN]

Here P(j = 1,y = 0) = P(§ = 1|y = 0)P(y = 0), where P(§ = 1|y = 0) means for a perfect classifier
f*(z) = P(y = 1|z), the expected probability that it will label a y = 0 example as positive (§ = 1).
(1) LBy—, and U B,—, under unassuming condition

Firstly, we calculate LB,,—; and U B,—( with perfect probability estimation g* (), but the support may overlap.
Secondly, we allow the probability estimation to be imperfect, superimposed onto the overlapping support
condition, and calculate LB,—; and U By—.

I. Calculating LB,—; and U B,—, when g(z) = ¢g*(x) and support may overlap
With overlapping support, we no longer have P(y = 1|z) = 1[[y = 1]]. Instead, we have



Here P(§ = 1|s = 1) can be calculated using Ap,:

. Plg=1,s=1)
Plg=1ls=1)= PG=1)
_Plg=ly=1,5s=1)+PH=1y=0,5s=1)
B P(s=1)
 P(s=1ly= )P =Ly =1)+ P(s = 1ly = 0)P(§ = L,y = 0)
P(s=1)
_ (L=p1)(py1 = Apo) + P0APo
DPs1
1— py —
:(1—7r1)—MA .
Ds1
Hence,
PlH=0s=1)=1-PH=1s=1)=m + _Zl_”OAO
sl
Therefore,

LBy—y =1 =p1)-P(g=1fs=1)+po- P(§ =0]s = 1)

1—p1 — 1—p1 —
=(1—=p1)- ((1—7T1)—]p31 pOApo> +po (771-1-21 pOApo)
sl sl

1— _ 2
— LB:_, — (’Elp‘))Apo 6)

where LB;_, is the LB, —; value when g(x) is ideal. We see in Eq. (6) that the overlapping support introduces
a non-positive correction to LB, _; compared with the ideal condition.

Similarly, we have

_ _ 2
(EEVEY N

UB,—o=UB’_ 7
y=0 y=0 + 1—po Do @)

IL. Calculating LB, and U B,—, when g is unassuming

Define Ag(z) := g(x) — g*(x). When the support may overlap, we have

1— o 2
=LB_, — MA;;O + E,cp[Ag()] (8)

Ds1

Similarly, we have

= Byeily” (0)] + Bpei[Ag ()]

1 _ _ 2
A= =P pp 1 B, g Ag()] ©)

v= 1- Ps1



In summary, Eq. (8) (9) give the expressions for LB,—, and U By, respectively, when g is unassuming.

(2) p; 5¢°"/ under unassuming condition

Now let’s calculate ﬁf’mf , 4 = 0, 1. For simplicity, define

PP={x€Pls=1}
PN ={z € P|]s =0}
NP ={z € N|s=1}
NN = {z € N|s =0}

(10)

App1 = {x S PP|g(33) < LByzl}

ANPl = {I € NP‘Q(I) > LByzl}

Ale = {a: S PN|g(£C) < LByzl}

Ann, ={z € NN|g(x) = LBy—1}
For ﬁionf . we have:

~conf INyzl‘
=
|Py:1‘ + |Ny:1|
Here
Py—y = {x € Plg(z) > LBy}
={x € PP|g(x) > LBy=1} U{x € NP|g(z) > LBy=1}
= (PP\ App,)UAnNpP,
Similarly, we have
Ny:l = (PN\APNl) UANN1
Therefore
jeond _ |PN| = [Apn,| + [Anw, |
! [(|[PP| —|App,|) + (|IPN| = |Apn,|)] + (|ANN, | + [ANp, )
_ PN = |Apn, |+ [Ann,| an
|P| — |AP| + |AN,|

where in the second equality we have used the definition of AP; and AN; in Eq. (5).
Using the definition of p;, we have

|PN|—|Apn,| _ {z € PN|g(z) = LBy}
[Pl —]AP|  [{z € Plg(z) > LBy=1}|
P(x € PN,g(xz) > LBy=1)
P(z € Pg(z) > LBy—1)
B P(x € PNz € P,g(x ) > LBy—1) - P(z € P,g(x) > LBy=1)
a P(x € P,g(x) = LBy-1)
_ P(z€ PNz P)-P(z € P,g(x) > LBy_)
N P(x € P,g(z) > LBy—1)

:pl



Here we have used the property of CNP that (s L )|y, leading to P(x € PN|z € P,g(z) > LBy—1) =
P(z € PN|x € P) = p;.

Similarly, we have

|Ann, |
= ]_ —_
[AN] po

Combining with Eq. (11), we have

1—py —
Aconf: P1 Po AN 12
I pl+|p\f|AP1|+\AN1|| 1 (12)

Similarly, we have

1—py —
Aconf: P1 Lo AP 13
fo Po+|N|—|AN0|+|APO|| ol (13)

From the two equations above, we see that

P 2 pn g™ 2 po (14)

~conf

In other words, p¢°"/ is an upper bound of p;, i = 0,1. The equality for 5{°"/ holds if [AN;| = 0. The
equality for p;”"/ holds if |APy| = 0.

1.4 PROOF OF LEMMA 4

Let’s restate Theorem 4 below:

Theorem 4 Given non-overlapping support condition,
IfVe € N, Ag(x) < LBy—1 — po, then p5°™ = p1.
IfVae € P, Ag(z) > —(1 — py — UBy—o), then p5°™ = po.

Theorem 4 directly follows from Eq. (12) and (13). Assuming non-overlapping support, we have g*(x) =
P(s=1]z) = (1 —p1) - L{[y = 1]] + po - 1[[y = 0]]. In other words, the contribution of overlapping support
to |AN;| and |APy| is 0. The only source of deviation comes from imperfect g(z).

For the first half of the theorem, since Vo € N, Ag(x) < LBy=1 — po, we have Yz € N, g(x) = Ag(x) +
g*(x) < (LBy=1—po)+po = LBy—1, then |AN,| = |{z € N|g(z) > LBy=1}| = 0, so we have 55"/ = p,.
Similarly, for the second half of the theorem, since Vo € P, Ag(x) > —(1 — p1 — UBy=¢), then |AFy| =
[{z € Plg(z) < UB,—o}| = 0, so we have p;>" = py.



1.5 PROOF OF LEMMA 5

Theorem 5 reads as follows:

Theorem 5 If g range separates P and N and p; = p;, i = 0,1, then for any classifier fg and any bounded
loss function 1(y;, y;), we have

Rip, (fo) = Rip(fo) (15)

where [ (93, 8;) is Rank Pruning’s loss function given by

~ 1

R . _ 1 5
1Y, 85) = ——1(¥s, 51) - L[[xi € Peong]]+ —1(9i, 5i) - L[z € Neongl] (16)
1—-p1 1-po
and I:’C(m t and an ¢ are given by
Peong :={x € P| g(x) > k1}, Neons := {x € N | g(z) < ko} (17

where ky is the (71| P|)*" smallest g(x) for € P and ky is the (7| N|)*" largest g(z) for x € N

Proof:

Since P and N are constructed from P and N with noise rates m1 and 7 using the class-conditional extension
of the Classification Noise Process (Angluin & Laird, 1988), we have

P=PPUPN
N=NPUNN (18)
P=PPUNP
N=PNUNN
where
PP={xe Pls=1}
PN = {z € P|s =0} (19)
NP ={z e Nl|s=1}
NN ={z € N|s =0}
satisfying
PP~ PN ~P
NP~ NN ~N
INPL _ o APPL oy
|P| TP
|PN| INN| _ o (20)
V] O N 0
|PN| |Eidd
Pl T P TP ~r
INP| _ INN| _ g _
N Po> TN Po

Here the ~ means obeying the same distribution.



Since g range separates P and N, there exists a real number z such that Vx; € P and Vxy € N, we have
g(x1) > z > g(xg). Since P = PPU PN, N = NP U NN, we have

Vo € PP, g(z) > z; Yo € PN, g(z) > z;
Vo € NP,g(x) < z; Vx € NN, g(x) < z (21)

Since p1 = p1 and pg = pg, we have

4. — Do l=pai=p1 _ po l=psai—pr _ o — po|N|
= s1=P1 = = 2oL
Pst 1=p1—po Ps1 1=p1—po |P| (22)
o= D1 Psi=po _ _p1 psi=po _ oo — PP
0= T=paT-p1—po ~ 1—ps1 1—p1i—po 0= N

Therefore, 71|P| = m1|P| = po|N|, 79| N| = mo|N| = p1|P|. Using P.ons and Neops’s definition in Eq.
(17), and g(x)’s property in Eq. (21), we have

P.ong = PP ~ P,Neoyy = NN ~ N (23)

Hence Py, and Neopn s can be seen as a uniform downsampling of P and N, with a downsampling ratio of
(1 — py) for P and (1 — pg) for N. Then according to Eq. (16), the loss function I(f, s;) essentially sees a
fraction of (1 — p;) examples in P and a fraction of (1 — pg) examples in N, with a final reweighting to restore
the class balance. Then for any classifier fy that maps = — § and any bounded loss function I(§;, y;), we have

lpo(fG)
— B ym, [(o(2), 5)

= 1_1p1 E(z,s)~p [(fe( ),8) - [[:ceﬁconf]ﬂ + 1_1/30 E(z,)~D, [ (fo(z),s) - [[zeNWH]
= 1_1p1 Bl sy, [(fo(2), 5) - Uz € Pronsl]] + . _1p0 Bte sy, [(fo(2), 5) - Uz € Neony]]
- 1_1p1 “Ea,s)~p, [l(fo(2),5) - 1[[x € PP + 1_1/)0 * E(a,5)~p, [[(fo(2), ) - 1[[x € NN]|]
- 1_1p1 “(L=p1) - By~ [[(fo(x),y) - [z € Pll| +

1 _1p0 “(1=p0) - Ew,y)~p [[(fo(2),y) - L[z € NJ|]

= Bloyyn (@), 0) - Uiz € P+ 1fo(z),v) - Uiz € N]]
_Exy)wD [l(fe( ) )]
= Rip(fo)

Therefore, we see that the expected risk for Rank Pruning with corrupted labels, is exactly the same as the
expected risk for the true labels, for any bounded loss function [ and classifier fy. The reweighting ensures that
after pruning, the two sets still remain unbiased w.r.t. to the true dataset.

Since the ideal condition is more strict than the range separability condition, we immediately have that when g
is ideal and p; = p;, i = 0,1, Ry D, (fo) = Rip(fo) for any fp and bounded loss function /.

2 ADDITIONAL FIGURES

Figure S1 shows the sum of absolute difference between theoretically estimated ﬁfh”’ (Eq. (8) in main paper)

and empirical j;: |p1 — p""Y| + |po — Ath’"y\ The deviation of the theoretical and empirical estimates reflects
the assumption that we have infinite examples, whereas empirically, the number of examples is finite.
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Figure S 1: Sum of absolute difference between theoretically estimated p”;fh”’ and empirical p;, ¢ = 0, 1, with

five different (71, p1), for varying separability d, dimension, and number of training examples. Note that no
figure exists for percent random noise because the theoretical estimates in Eq. (4) do not address added noise
examples. The default parameters are: d = 4, 2 dimensional input, 0% random noise, and 5000 training
examples with a fraction of p,; = 0.2 examples as positive. The lines are an average of 200 trials.

Figure S2 shows the Rank Pruning’s noise rate estimation of 7y for the MNIST dataset using a logistic regres-
sion classifier, for varying amount of (71,01 ), averaging over 10 digits.

Figure S3 shows the average image for each digit for the binary classification problem “1” or “not 1”” in MNIST
with logistic regression and high noise (p; = 0.5, 71 = 0.5). The number on the bottom and on the right counts
the total number of examples (images). From the figure we see that RP makes few mistakes, and when it does,
the mistakes vary greatly in image from the typical digit.

0.036 0.126 0.220 0.315 0.406 0.494 0.570 0.622
0.036 0.126 0.221 0.315 0.408 0.496 0.573 0.625
0.036 0.128 0.220 0.314 0.409 0.500 0.575 0.628
0.037 0.128 0.221 0.314 0.410 0.499 0.575 0.629
0.040 0.128 0.225 0.316 0.411 0.500 0.577 0.633
0.041 0.128 0.226 0.319 0.412 0.500 0.578 0.631
0.045 0.137 0.227 0.319 0.412 0.502 0.581 0.628
0.045 0.136 0.229 0.322 0.413 0.503 0.579 0.629
0.052 0.140 0.228 0.325 0.416 0.506 0.582 0.626
0.052 0.141 0.229 0.326 0.417 0.507 0.582 0.626
0.059 0.146 0.238 0.326 0.421 0.506 0.579 0.624
0.061 0.147 0.239 0.329 0.422 0.507 0.579 0.622
0.068 0.155 0.248 0.333 0.420 0.508 0.578 0.614
0.070 0.155 0.248 0.336 0.425 0.509 0.579 0.615
0.085 0.165 0.251 0.339 0.432 0.517 0.576 0.611
0.086 0.164 0.253 0.340 0.435 0.517 0.579 0.611
0.191 0.276 0.361 0.449 0.519 0.576 0.609
0.189 0.273 0.359 0.448 0.517 0.583 0.607
P2 0.486 0.541 0.594 0.615
AR 0.487 0.544 0.598 0.620
o - N (3] < 0 © N~
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Figure S 2: Rank Pruning 7; estimation consistency, averaged over all digits in MNIST. Color depicts 71 - 73

with p1 (upper) and theoretical frihry (lower) in each block.
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3 ADDITIONAL TABLES

Here we provide additional tables for the comparison of error, Precision-Recall AUC (AUC-PR, Davis &
Goadrich (2006)), and F1 score for the algorithms RP, Nati3, EIkOS, Liul6 with p1, py given to all methods
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Figure S 3: Average image for each digit for the binary classification problem “1” or “not 1” in MNIST with
logistic regression and significant mislabeling (p; = 0.5, 7 = 0.5). The right and bottom numbers count the
total number of example images averaged in the corresponding row or column.

for fair comparison. Additionally, we provide the performance of the ground truth classifier (¢rue) trained with
uncorrupted labels (X, y), as well as the complete Rank Pruning algorithm (RP,) trained using the noise rates
estimated by Rank Pruning. The top model scores are in bold with RP, in red if its performance is better than
non-RP models. The 7 = 0 quadrant in each table represents the “PU learning” case of PN learning.

Whenever g(x) = P(§ = 1|z) is estimated for any algorithm, we use a 3-fold cross-validation to estimate the
probability g(x). For improved performance, a higher fold may be used.

For the logistic regression classifier, we use scikit-learn’s LogisticRegression class (scikit learn (2016)) with
default settings (L2 regularization with inverse strength C' = 1).

For the convolutional neural networks (CNN), for MNIST we use the structure in Chollet (2016b) and for
CIFAR-10, we use the structure in Chollet (2016a). A 10% holdout set is used to monitor the weighted valida-
tion loss (using the sample weight given by each algorithm) and ends training when there is no decrease for 10
epochs, with a maximum of 50 epochs for MNIST and 150 epochs for CIFAR-10.

The following list comprises the MNIST and CIFAR-10 experimental result tables for error, AUC-PR and F1
score metrics:

Table S1: Error for MNIST with logisitic regression as classifier.
Table S2: AUC-PR for MNIST with logisitic regression as classifier.
Table S3: Error for MNIST with CNN as classifier.

Table S4: AUC-PR for MNIST with CNN as classifier.

Table S5: F1 score for CIFAR-10 with logistic regression as classifier.
Table S6: Error for CIFAR-10 with logistic regression as classifier.
Table S7: AUC-PR for CIFAR-10 with logistic regression as classifier.
Table S8: Error for CIFAR-10 with CNN as classifier.

Table S9: AUC-PR for CIFAR-10 with CNN as classifier.

Due to its sensitivity to imperfect probability estimation, here Liul6 always predicts all labels to be positive
or negative, resulting in the same metric score for every digit/image in each scenario. Since p,; ~ 0.1, when
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predicting all labels as positive, Liul6 has an F1 score of 0.182, error of 0.90, and AUC-PR of 0.55; when
predicting all labels as negative, Liul6 has an F1 score of 0.0, error of 0.1, and AUC-PR of 0.55.

4 ADDITIONAL RELATED WORK

In this section we include tangentially related work which was unable to make it into the final manuscript.

4.1 ONE-CLASS CLASSIFICATION

One-class classification (Moya et al., 1993) is distinguished from binary classification by a training set contain-
ing examples from only one class, making it useful for outlier and novelty detection (Hempstalk et al., 2008).
This can be framed as PN learning when outliers take the form of mislabeled examples. The predominant ap-
proach, one-class SVM, fits a hyper-boundary around the training class (Platt et al., 1999), but often performs
poorly due to boundary over-sensitivity (Manevitz & Yousef, 2002) and fails when the training class contains
mislabeled examples.

4.2 PN LEARNING FOR IMAGE RECOGNITION AND DEEP LEARNING

Variations of PN learning have been used in the context of machine vision to improve robustness to mislabeling
(Xiao et al., 2015). In a face recognition task with 90% of non-faces mislabeled as faces, a bagging model
combined with consistency voting was used to remove images with poor voting consistency (Angelova et al.,
2005). However, no theoretical justification was provided. In the context of deep learning, consistency of
predictions for inputs with mislabeling enforces can be enforced by combining a typical cross-entropy loss with
an auto-encoder loss (Reed et al., 2015). This method enforces label consistency by constraining the network
to uncover the input examples given the output prediction, but is restricted in architecture and generality.

Table S 1: Comparison of error for one-vs-rest MNIST (averaged over all digits) using a logistic regression
classifier. Except for RP,, p1, po are given to all methods. Top model scores are in bold with RP, in red if
better (smaller) than non-RP models.

7'l'1=0 7'l‘1=0.25 7'l'1=0.5 7T1=0.75
MODEL,p; :\ 0.25 0.50 0.75\ 0.00 0.25 0.50 0.75\ 0.00 0.25 0.50 0.75\ 0.00 0.25 0.50 0.75
TRUE 0.020 0.020 0.020(0.020 0.020 0.020 0.020/0.020 0.020 0.020 0.020|0.020 0.020 0.020 0.020
RP, 0.023 0.025 0.031/0.024 0.025 0.027 0.038]0.040 0.037 0.039 0.049|0.140 0.128 0.133 0.151
RP 0.022 0.025 0.031|0.021 0.024 0.027 0.035/0.023 0.027 0.031 0.043|0.028 0.036 0.045 0.069
NAT13 0.025 0.030 0.038|0.025 0.029 0.034 0.042|0.030 0.033 0.038 0.047|0.035 0.039 0.046 0.067
ELKO08 0.025 0.030 0.038|0.026 0.028 0.032 0.042|0.030 0.031 0.035 0.051|0.092 0.093 0.123 0.189
L1u16 0.187 0.098 0.100/0.100 0.738 0.738 0.419|0.100 0.820 0.821 0.821|0.098 0.760 0.741 0.820
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Table S 2: Comparison of AUC-PR for one-vs-rest MNIST (averaged over all digits) using a logistic regression
classifier. Except for RP,, p1, po are given to all methods. Top model scores are in bold with RP, in red if
greater than non-RP models.

7r1=0

m =0.25

m =0.5 m =0.75

MODEL,p; =| 0.25 0.50 0.75| 0.00 0.25 0.50 0.75] 0.00 0.25 0.50 0.75| 0.00 0.25 0.50 0.75

0.935 0.935 0.935(|0.935 0.935 0.935 0.935]0.935 0.935 0.935 0.935|0.935 0.935 0.935 0.935
0.921 0.913 0.882|0.928 0.920 0.906 0.853]0.903 0.902 0.879 0.803|0.851 0.835 0.788 0.640
0.922 0.913 0.882/0.930 0.921 0.906 0.858(0.922 0.903 0.883 0.811|0.893 0.841 0.799 0.621
0.922 0.908 0.878|0.918 0.909 0.890 0.839|0.899 0.892 0.862 0.794|0.863 0.837 0.784 0.645
0.921 0.903 0.864|0.917 0.908 0.884 0.821|0.898 0.892 0.861 0.763|0.852 0.837 0.772 0.579
0.498 0.549 0.550|0.550 0.500 0.550 0.505|0.550 0.550 0.550 0.549|0.503 0.512 0.550 0.550

Table S 3: Comparison of error for one-vs-rest MNIST (averaged over all digits) using a CNN classifier.
Except for RP,, p1, po are given to all methods. Top model scores are in bold with RP, in red if better
(smaller) than non-RP models.

=0
p1=0.5
RP, RP NAar13 ELK08 Liul6

™ =0.25
p1=0.25
RP, RP NatTl13 ELKO08 L1u16

m =0.5
p1=0 p1=0.5
RP, RP NAT13 ELKO8 Liul6| RP, RP Nar13 ELK08 Li1U16

0.0018 0.0023 0.0045 0.0047 0.9020
0.0022 0.0020 0.0025 0.0034 0.8865
0.0054 0.0049 0.0057 0.0062 0.8968
0.0032 0.0032 0.0055 0.0038 0.8990
0.0037 0.0040 0.0038 0.0044 0.9018
0.0032 0.0035 0.0039 0.0038 0.9108
0.0027 0.0028 0.0053 0.0035 0.9042
0.0039 0.0041 0.0066 0.0103 0.8972
0.0047 0.0043 0.0106 0.0063 0.9026
0.0067 0.0052 0.0056 0.0124 0.8991

0.0017 0.0016 0.0034 0.0036 0.9020
0.0019 0.0019 0.0035 0.0030 0.8865
0.0032 0.0035 0.0045 0.0051 0.8968
0.0029 0.0029 0.0043 0.0043 0.8990
0.0029 0.0025 0.0055 0.0069 0.9018
0.0027 0.0031 0.0062 0.0060 0.9108
0.0028 0.0025 0.0042 0.0036 0.9042
0.0050 0.0052 0.0058 0.0058 0.8972
0.0034 0.0036 0.0062 0.0091 0.9026
0.0048 0.0051 0.0065 0.0064 0.8991

0.00170.0016 0.0031 0.0026 0.0029(0.0021 0.0022 0.0116 0.0069 0.9020
0.0023 0.0020 0.0018 0.0016 0.0023/0.0025 0.0025 0.0036 0.0027 0.8865
0.0030 0.0029 0.0031 0.0029 0.0024/0.0059 0.0050 0.0066 0.0083 0.8968
0.0021 0.0027 0.0023 0.0023 0.0032(0.0038 0.0042 0.0084 0.0057 0.8990
0.0026 0.0020 0.0019 0.0021 0.0030(0.0044 0.0035 0.0086 0.0077 0.9018
0.0021 0.0024 0.0024 0.0028 0.0023/0.0061 0.0056 0.0066 0.0074 0.9108
0.0029 0.0029 0.0022 0.0024 0.0028/0.0032 0.0035 0.0098 0.0075 0.9042
0.0049 0.0040 0.0030 0.0037 0.0035/0.0054 0.0064 0.0113 0.0085 0.8972
0.0036 0.0030 0.0035 0.0041 0.0032/0.0044 0.0048 0.0234 0.0077 0.9026
0.0048 0.0050 0.0051 0.0043 0.0059/0.0081 0.0114 0.0131 0.0112 0.8991

IMAGE| TRUE
0 0.0013
1 0.0015
2 0.0027
3 0.0020
4 0.0012
5 0.0019
6 0.0021
7 0.0026
8 0.0022
9 0.0036
AVG

[0.0021]0.0038 0.0036 0.0054 0.0059 0.9000]0.0031 0.0032 0.0050 0.0054 0.9000/0.0030 0.0028 0.0028 0.0029 0.0032(0.0046 0.0049 0.0103 0.0074 0.9000

Table S 4: Comparison of AUC-PR for one-vs-rest MNIST (averaged over all digits) using a CNN classifier.
Except for RP,, p1, po are given to all methods. Top model scores are in bold with R P, in red if greater than
non-RP models.

m =0
p1=0.5
RP, RP NAT13 ELK08 L1U16

m =0.25
p1=0.25
RP, RP Natl13 ELKO08 L1u16

m =0.5
p1=0 p1=0.5
RP, RP NAT13 ELKO8 L1ul6| RP, RP NaAT13 ELK08 L1U16

0.9992 0.9990 0.9986 0.9982 0.5490
0.9995 0.9995 0.9976 0.9974 0.5568
0.9971 0.9969 0.9917 0.9942 0.5516
0.9986 0.9987 0.9983 0.9984 0.5505
0.9982 0.9989 0.9939 0.9988 0.0891
0.9982 0.9976 0.9969 0.9956 0.5446
0.9976 0.9970 0.9928 0.9931 0.5479
0.9973 0.9972 0.9965 0.9944 0.0721
0.9974 0.9964 0.9964 0.9946 0.5487
0.99310.9951 0.9901 0.9922 0.5504

0.9996 0.9996 0.9986 0.9979 0.5490
0.9996 0.9993 0.9995 0.9995 0.5568
0.9980 0.9977 0.9971 0.9945 0.5516
0.9991 0.9989 0.9982 0.9980 0.5505
0.9992 0.9991 0.9976 0.9965 0.5491
0.9986 0.9987 0.9983 0.9979 0.5446
0.9974 0.9980 0.9956 0.9959 0.5479
0.9968 0.9973 0.9966 0.9979 0.5514
0.9981 0.9981 0.9973 0.9971 0.5487
0.99350.9951 0.9933 0.9920 0.5504

0.9989 0.9995 0.9976 0.9979 0.9956(0.9984 0.9982 0.9963 0.9928 0.5490
0.9995 0.9998 0.9982 0.9972 0.9965/0.9995 0.9994 0.9978 0.9985 0.5568
0.9988 0.9992 0.9958 0.9934 0.9940(0.9938 0.9947 0.9847 0.9873 0.5516
0.9993 0.9994 0.9991 0.9971 0.9974/0.9969 0.9959 0.9951 0.9959 0.5505
0.9994 0.9996 0.9985 0.9978 0.9986(0.9983 0.9977 0.9961 0.9919 0.5491
0.9984 0.9982 0.9971 0.9963 0.9929/0.9958 0.9965 0.9946 0.9934 0.5446
0.9968 0.9983 0.9933 0.9950 0.9905/0.9964 0.9957 0.9942 0.9961 0.5479
0.9969 0.9983 0.9961 0.9958 0.9974/0.9933 0.9937 0.9896 0.9886 0.5514
0.9983 0.9988 0.9984 0.9976 0.9989(0.9976 0.9975 0.9873 0.9893 0.5487
0.9961 0.9951 0.9924 0.9922 0.9912|0.9877 0.9876 0.9819 0.9828 0.5504

IMAGE| TRUE
[ 0.9998
1 0.9999
2 0.9994
3 0.9996
4 0.9997
5 0.9993
6 0.9987
7 0.9989
8 0.9996
9 0.9979
AVG

[0.9993(0.9976 0.9976 0.9953 0.9957 0.4561]0.9980 0.9982 0.9972 0.9967 0.5500]0.9983 0.9986 0.9966 0.9960 0.9953(0.9958 0.9957 0.9918 0.9917 0.5500
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Table S 5: Comparison of F1 score for one-vs-rest CIFAR-10 (averaged over all images) using a logistic
regression classifier. Except for RP,, p1, pg are given to all methods. Top model scores are in bold with P,
in red if greater than non-RP models.

T =0 m =0.25 T =0.5

p1=0.5 p1=0.25 p1=0 p1=0.5
IMAGE|TRUE| RP, RP NAT13 ELKO8 L1U16| RP, RP NAT13 ELKO8 L1u16| RP, RP NAT13 ELK08 L1U16| RP, RP NAT13 ELK08 L1U16
PLANE [0.272/0.311 0.252 0.217 0.220 0.182]0.3290.275 0.222 0.224 0.182]0.330 0.265 0.231 0.259 0.0 [0.2660.188 0.183 0.187 0.182
AUTO |0.374/0.389 0.355 0.318 0.320 0.182]0.388 0.368 0.321 0.328 0.182]0.3720.355 0.308 0.341 0.0 |0.3070.287 0.287 0.297 0.182
BIRD  |0.136]0.2410.167 0.143 0.136 0.1820.2480.185 0.137 0.137 0.182/0.258 0.147 0.100 0.126 0.0 |0.2060.153 0.132 0.150 0.182
CAT 0.122(0.246 0.170 0.141 0.150 0.182]0.2320.163 0.112 0.127 0.1820.2410.125 0.068 0.103 0.0 |0.2090.148 0.119 0.157 0.182
DEER [0.166|0.250 0.184 0.153 0.164 0.182]0.2590.175 0.146 0.163 0.182]0.2590.177 0.126 0.164 0.0 |0.2220.162 0.132 0.164 0.182
DOG  [0.139]0.2450.174 0.146 0.148 0.182]0.2620.171 0.115 0.126 0.182|0.254 0.152 0.075 0.120 0.0 |0.2030.151 0.128 0.137 0.182
FROG [0.317]0.322 0.315 0.289 0.281 0.182]0.3500.319 0.283 0.299 0.182]0.346 0.305 0.239 0.279 0.0 |0.3080.252 0.244 0.269 0.182
HORSE [0.300(0.300 0.299 0.283 0.263 0.182(0.3340.313 0.272 0.281 0.182]0.3220.310 0.260 0.292 0.0 |0.2750.258 0.240 0.245 0.182
SHIP  |0.322(0.343 0.322 0.297 0.272 0.182]0.3850.319 0.287 0.289 0.182]0.350 0.303 0.250 0.293 0.0 |0.304 0.248 0.230 0.237 0.182
TRUCK |0.330/0.359 0.323 0.273 0.261 0.182]0.369 0.327 0.293 0.290 0.182]0.3430.302 0.278 0.299 0.0 |0.3130.246 0.252 0.262 0.182

AVG  [0.248]0.3010.256 0.226 0.221 0.182]0.316 0.262 0.219 0.226 0.182]0.308 0.244 0.194 0.228 0.000]0.261 0.209 0.195 0.210 0.182

Table S 6: Comparison of error for one-vs-rest CIFAR-10 (averaged over all images) using a logistic regres-
sion classifier. Except for RP,, p1, pg are given to all methods. Top model scores are in bold with RP, in
red if better (smaller) than non-RP models. Here the logistic regression classifier severely underfits CIFAR,
resulting in Rank Pruning pruning out some correctly labeled examples that “confuse” the classifier, hence in
this scenario, RP and RP, generally have slightly smaller precision, much higher recall, and hence larger F1
scores than other models and even the ground truth classifier (Table S5). Due to the class inbalance (p,; = 0.1)
and their larger recall, RP and RP,, here have larger error than the other models.

m =0 w1 = 0.25 71 =0.5
p1=0.5 p1=0.25 p1=0 p1=0.5
IMAGE|TRUE| RP, RP NAT13 ELKO8 L1U16| RP, RP NAT13 ELKO8 L1u16| RP, RP NAT13 ELK08 L1U16| RP, RP NAT13 ELK08 L1U16

PLANE [0.107|0.287 0.133 0.123 0.122 0.900(0.177 0.128 0.119 0.123 0.900]0.248 0.124 0.110 0.118 0.100]0.2020.147 0.142 0.160 0.900
AUTO ]0.099(0.1840.120 0.110 0.110 0.900(0.1320.114 0.105 0.109 0.900(0.1890.110 0.105 0.110 0.100{0.159 0.129 0.125 0.139 0.900
BIRD  |0.117|0.3540.148 0.133 0.131 0.900(0.217 0.135 0.120 0.125 0.900]0.277 0.135 0.115 0.123 0.100]0.226 0.147 0.139 0.158 0.900
CAT 0.114(0.3510.138 0.129 0.129 0.900(0.208 0.139 0.122 0.125 0.900{0.303 0.132 0.114 0.122 0.100|0.2250.151 0.141 0.158 0.900
DEER |0.112(0.3360.143 0.128 0.130 0.900(0.194 0.135 0.120 0.122 0.900(0.2710.133 0.118 0.126 0.100{0.209 0.150 0.147 0.161 0.900
DOG 0.119(0.370 0.150 0.136 0.138 0.900(0.2050.142 0.129 0.132 0.900{0.288 0.135 0.120 0.128 0.100]0.229 0.154 0.147 0.168 0.900
FROG |0.107|0.228 0.128 0.117 0.117 0.900(0.1550.124 0.113 0.115 0.900]0.228 0.118 0.110 0.116 0.100(0.167 0.137 0.130 0.142 0.900
HORSE [0.104(0.2510.127 0.114 0.116 0.900(0.1530.123 0.110 0.112 0.900(0.2240.116 0.108 0.113 0.100(0.178 0.134 0.129 0.144 0.900
SHIP 0.112(0.2390.134 0.121 0.126 0.900(0.1600.131 0.119 0.123 0.900{0.2360.122 0.113 0.120 0.100|0.193 0.145 0.139 0.159 0.900
TRUCK |0.106/0.2100.130 0.121 0.122 0.900/0.1450.125 0.113 0.117 0.900]0.213 0.121 0.108 0.117 0.100|0.1650.142 0.134 0.150 0.900

AVG  [0.110[0.2810.135 0.123 0.124 0.900/0.1750.130 0.117 0.120 0.900]0.248 0.125 0.112 0.119 0.100]0.1950.144 0.137 0.154 0.900

Table S 7: Comparison of AUC-PR for one-vs-rest CIFAR-10 (averaged over all images) using a logistic
regression classifier. Except for RP,, p1, pg are given to all methods. Top model scores are in bold with RP,
in red if greater than non-RP models. Since p,; = 0.1, here Liul6 always predicts all labels as positive or
negative, resulting in a constant AUC-PR of 0.550.

m =0 m = 0.25 m = 0.5
p1=0.5 p1=0.25 p1=0 p1=0.5
IMAGE|TRUE| RP, RP Nar13 ELKO8 L1U16| RP, RP NAT13 ELKO8 L1u16| RP, RP NaT13 ELK08 L1U16| RP, RP NAT13 ELK08 LIU16

PLANE [0.288|0.2250.224 0.225 0.207 0.550(0.261 0.235 0.225 0.217 0.550]0.2850.251 0.245 0.248 0.550(0.1960.171 0.171 0.159 0.550
AUTO |0.384/0.3500.317 0.312 0.316 0.550(0.3420.335 0.331 0.331 0.550]0.328 0.348 0.334 0.333 0.550|0.256 0.257 0.259 0.261 0.550
BIRD  |0.198|0.1600.169 0.166 0.161 0.550(0.1880.185 0.179 0.177 0.550(0.1860.173 0.174 0.175 0.550(0.1500.154 0.150 0.147 0.550
CAT 0.188(0.164 0.175 0.174 0.175 0.550(0.163 0.169 0.168 0.170 0.550(0.148 0.156 0.154 0.152 0.550|0.1450.143 0.140 0.145 0.550
DEER |0.215(0.1610.177 0.180 0.183 0.550(0.1940.180 0.180 0.182 0.550(0.1740.175 0.176 0.175 0.550|0.1510.152 0.146 0.151 0.550
DOG 0.188/0.1620.161 0.165 0.155 0.550(0.1750.160 0.161 0.158 0.550(0.1730.169 0.162 0.164 0.550|0.1450.142 0.139 0.133 0.550
FROG |0.318|0.246 0.264 0.262 0.258 0.550(0.2920.277 0.272 0.273 0.550(0.276 0.274 0.277 0.277 0.550|0.2390.212 0.206 0.212 0.550
HORSE [0.319(0.2420.267 0.269 0.260 0.550(0.283 0.264 0.264 0.263 0.550]0.288 0.282 0.279 0.278 0.550|0.223 0.218 0.208 0.207 0.550

0.5

0.

SHIP 0.317]0.257 0.267 0.271 0.248 0.550|0.296 0.266 0.267 0.259 0.550(0.279 0.268 0.259 0.262 50(0.2200.212 0.207 0.191 0.550
TRUCK |0.329|0.288 0.261 0.271 0.263 0.550]0.298 0.275 0.286 0.284 0.550]0.2890.272 0.276 0.277 0.550|0.2410.213 0.208 0.204 0.550

AVG  ]0.274]0.226 0.228 0.229 0.223 0.550]0.249 0.235 0.233 0.231 0.550]0.243 0.237 0.234 0.234 0.550]0.1970.187 0.183 0.181 0.550
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Table S 8: Comparison of error for one-vs-rest CIFAR-10 (averaged over all images) using a CNN classifier.
Except for RP,, p1, po are given to all methods. Top model scores are in bold with RP, in red if better
(smaller) than non-RP models.

71'1 =0 =0.25 71 =0.5
=0.5 =0.25 p1=0 =0.5
IMAGE|TRUE| RP, RP NAT13 ELKO8 L1u16| RP, RP NAT13 ELKO08 L1U16| RP, RP NAT13 ELK08 L1U16| RP, RP NAT13 ELKO08 L1U16

PLANE [0.044(0.054 0.057 0.059 0.063 0.900(0.050 0.051 0.054 0.057 0.9000.048 0.045 0.049 0.048 0.100(0.063 0.061 0.074 0.065 0.900
AUTO  |0.021/0.040 0.037 0.041 0.043 0.100(0.0320.034 0.040 0.039 0.900]0.028 0.026 0.026 0.026 0.100|0.047 0.049 0.062 0.070 0.900
BIRD  |0.055/0.083 0.078 0.080 0.082 0.900(0.074 0.074 0.077 0.078 0.900]0.072 0.066 0.072 0.070 0.100|0.124 0.084 0.089 0.093 0.900
CAT 0.077/0.108 0.091 0.092 0.095 0.100{0.1110.090 0.086 0.089 0.900(0.113 0.084 0.086 0.088 0.100|0.1170.098 0.094 0.100 0.900
0.08
0

DEER |0.049/0.081 0.078 0.078 0.079 0.900|0.080 0.069 0.075 0.070 0.900]0.076 0.062 0.061 0.062 0.100|0.106 0.086 0.091 0.093 0.900
DOG 0.062(0.075 0.071 0.079 0.080 0.100]0.071 0.069 0.070 0.067 0.900]0.069 0.061 0.057 0.076 0.100|0.103 0.081 0.084 0.086 0.900
FROG |0.038|0.050 0.048 0.048 0.054 0.100(0.047 0.052 0.056 0.062 0.900(0.045 0.040 0.042 0.043 0.100{0.058 0.062 0.066 0.071 0.900
HORSE [0.035|0.050 0.052 0.057 0.054 0.9000.048 0.051 0.052 0.057 0.900]0.045 0.040 0.042 0.046 0.100|0.0650.063 0.066 0.075 0.900
SHIP 0.028(0.042 0.042 0.046 0.042 0.900{0.037 0.036 0.042 0.047 0.900{0.0350.033 0.031 0.033 0.100|0.0510.049 0.064 0.058 0.900
TRUCK |0.027|0.044 0.046 0.054 0.056 0.9000.034 0.032 0.038 0.043 0.900(0.034 0.031 0.034 0.034 0.100{0.060 0.066 0.067 0.065 0.900

AVG  ]0.043]0.063 0.060 0.064 0.065 0.580(0.059 0.056 0.059 0.061 0.900]0.056 0.049 0.050 0.053 0.100]0.0800.070 0.076 0.077 0.900

Table S 9: Comparison of AUC-PR for one-vs-rest CIFAR-10 (averaged over all images) using a CNN classi-
fier. Except for RP,, p1, po are given to all methods. Top model scores are in bold with P, in red if greater
than non-RP models.

7r1=0 m =0.25 m = 0.5
=0.5 p1=0.25 p1=0 p1=0.5
IMAGE|TRUE| RP, RP NAT13 ELKO8 L1ul6| RP, RP NaAT13 ELKO8 L1Uu16| RP, RP NAT13 ELK08 L1U16| RP, RP NaT13 ELK08 L1U16

PLANE [0.856|0.779 0.780 0.784 0.756 0.550(0.808 0.797 0.770 0.742 0.550(0.813 0.824 0.792 0.794 0.550(0.710 0.722 0.662 0.682 0.550
AUTO  |0.954/0.874 0.889 0.878 0.833 0.550(0.9050.900 0.871 0.866 0.550(0.9310.927 0.924 0.910 0.550|0.824 0.814 0.756 0.702 0.550
BIRD 0.761|0.559 0.566 0.569 0.568 0.550(0.619 0.618 0.584 0.597 0.550(0.623 0.679 0.613 0.619 0.115]0.4650.492 0.436 0.434 0.550
CAT 0.601(0.387 0.447 0.463 0.433 0.550]0.423 0.454 0.487 0.480 0.550]0.483 0.512 0.493 0.473 0.050|0.3730.375 0.382 0.371 0.550
DEER |0.820/0.620 0.600 0.615 0.573 0.550]0.646 0.660 0.610 0.657 0.550]0.658 0.707 0.700 0.703 0.550|0.434 0.487 0.414 0.435 0.550
DOG 0.758]0.629 0.662 0.617 0.573 0.550{0.673 0.667 0.658 0.660 0.550|0.7050.722 0.741 0.705 0.550|0.5410.545 0.496 0.519 0.550
FROG |0.891|0.8120.815 0.812 0.776 0.550|0.8210.827 0.808 0.749 0.550]0.841 0.851 0.828 0.831 0.550|0.7530.710 0.691 0.620 0.550
HORSE [0.897(0.810 0.817 0.799 0.779 0.550(0.824 0.809 0.801 0.772 0.550]0.826 0.844 0.818 0.819 0.550|0.736 0.699 0.699 0.600 0.550
SHIP 0.922(0.870 0.862 0.864 0.853 0.550(0.889 0.885 0.843 0.848 0.550(0.889 0.897 0.891 0.887 0.550|0.8000.808 0.767 0.741 0.550
TRUCK |0.929|0.845 0.848 0.824 0.787 0.550]0.887 0.894 0.873 0.853 0.550]0.904 0.902 0.898 0.883 0.550|0.740 0.709 0.695 0.690 0.550

AVG  ]0.839]0.719 0.729 0.722 0.693 0.550]0.750 0.751 0.730 0.722 0.550]0.767 0.787 0.770 0.762 0.457]0.637 0.636 0.600 0.579 0.550
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